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HAMILTONIAN NO-TORSION
MARCELO S. ATALLAH AND EGOR SHELUKHIN
Abstract. In 2002 Polterovich has notably established that on closed aspher-
ical symplectic manifolds, Hamiltonian diffeomorphisms of finite order, which
we call Hamiltonian torsion, must in fact be trivial. In this paper we prove the
first higher-dimensional Hamiltonian no-torsion theorems beyond the symplec-
tically aspherical case. We start by showing that closed symplectic Calabi-Yau
and negative monotone symplectic manifolds do not admit Hamiltonian tor-
sion. Going still beyond topological constraints, we prove that every closed
positive monotone symplectic manifold (M,ω) admitting Hamiltonian torsion
is geometrically uniruled by holomorphic spheres for every ω-compatible al-
most complex structure, partially answering a question of McDuff-Salamon.
This provides many additional no-torsion results, and as a corollary yields the
geometric uniruledness of monotone Hamiltonian S1-manifolds, a fact closely
related to a celebrated result of McDuff from 2009. Moreover, the non-existence
of Hamiltonian torsion implies the triviality of Hamiltonian actions of lattices
like SL(k,Z) for k ≥ 2, as well as those of compact Lie groups. Finally, for
monotone symplectic manifolds admitting Hamiltonian torsion, we prove an
analogue of Newman’s theorem on finite transformation groups for several nat-
ural norms on the Hamiltonian group: such subgroups cannot be contained in
arbitrarily small neighborhoods of the identity. Our arguments rely on gener-
alized Morse-Bott methods, as well as on quantum Steenrod powers and Smith
theory in filtered Floer homology.
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1. Introduction and main results
1.1. Introduction. The question of the existence of finite group actions on man-
ifolds has been of interest in topology for a long time. In particular, it is in order
to study this question that P. A. Smith [80] has developed in the 1930s what is
now called Smith theory for cohomology with Fp coefficients in the context of
continuous actions of finite p-groups. We refer the reader to [4, 5, 22, 34] for
further references on Smith theory.
Quite a lot of progress regarding this question has been obtained in low-dimensional
topology [9, 45] and in smooth topology in arbitrary dimension - see for example
[47] and references therein. As a first easy example, we remark that it is not hard
to classify finite group actions on closed surfaces.
In symplectic topology, it was shown by Polterovich [56] that non-trivial Hamil-
tonian finite group actions, that we refer to as Hamiltonian torsion, on sym-
plectically aspherical manifolds do not exist. Furthermore, Chen and Kwasik [9]
rule out symplectic finite group actions acting trivially on homology on certain
symplectic Calabi-Yau 4-manifolds (see [90] for a further development). More-
over, general constraints were obtained by Mundet i Riera [46], showing roughly
speaking that finite groups acting effectively in a Hamiltonian way must be ap-
proximately abelian.
Furthermore, Hamiltonian actions of cyclic groups on rational ruled symplectic
4-manifolds, that is symplectic S2-bundles over S2, were recently shown to be
induced by S1-actions [10] (see [7, 8, 11] for related and for contrasting results).
Compatibly, the strongest restriction to date on manifolds admitting non-trivial
Hamiltonian S1-actions was obtained by McDuff [41] who showed that all such
manifolds must be uniruled, in the sense that at least one genus zero k-point
Gromov-Witten invariant, for k ≥ 3, involving the point class must not vanish.
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Of course, rational ruled symplectic 4-manifolds satisfy this condition, in fact with
k = 3: they are strongly uniruled. Either condition implies that these manifolds
are geometrically uniruled: for each ω-compatible almost complex structure J and
each point p ∈M, there is a J-holomorphic sphere1 passing through p. Finally, in
[76] a new notion of uniruledness, Fp-Steenrod uniruledness, was introduced for
p = 2, and was generalized to odd primes p > 2 in [73]: the quantum Steenrod
p-th power of the cohomology class Poincare´ dual to the point is defined and
deformed in the sense of not coinciding with the classical Steenrod p-th power.
This notion similarly implies geometric uniruledness. It is currently not known
whether or not it implies uniruledness in the sense of McDuff, but it is expected
that it does (see [68, 74] for first steps in this direction).
In this paper we prove the first higher-dimensional Hamiltonian no-torsion results
since that of Polterovich, that hold beyond the symplectically aspherical case.
Firstly, we prove that, in addition to symplectically aspherical manifolds, sym-
plectically Calabi-Yau manifolds and negative monotone symplectic manifolds do
not admit Hamiltonian torsion. An elementary argument then shows, in sum-
mary, that if a closed symplectic manifold M admits Hamiltonian torsion, then
it admits a spherical homology class A such that 〈c1(TM), A〉 > 0, 〈[ω], A〉 > 0
(see Corollary 2). Our results have a similar flavor to the result of McDuff for
S1-actions: indeed, negative monotone and Calabi-Yau manifolds are not geomet-
rically uniruled, and neither are the symplectically aspherical ones.
Going far beyond topological restrictions, we further study restrictions on Hamil-
tonian torsion in the positive monotone case. Using recently discovered tech-
niques, we show that in this case the existence of non-trivial Hamiltonian torsion
implies Fp Steenrod-uniruledness for certain primes p, and hence geometric unir-
uledness. This again fits well with the result of McDuff and in fact provides
a partial solution to Problem 24 from the monograph [43] of McDuff-Salamon.
Studying the properties of the quantum Steenrod operations and their relation to
Gromov-Witten invariants further (see [74, 87, 88] for first inroads in this direc-
tion) might show that our solution is in fact quite complete. Furthermore, we are
tempted to conjecture the following analogue of the result of McDuff.
Conjecture 1. Each closed Hamiltonian manifold with non-trivial Hamiltonian
torsion must be uniruled.
For the special case of symplectically Calabi-Yau 4-manifolds, our results compare
to those of Chen-Kwasik [9] as follows: the paper [9] rules out more general
symplectic finite group actions than Hamiltonian ones, but in a more restrictive
context, as they require these 4-manifolds to have non-zero signature, and b+2 at
1This is a smooth map u : CP 1 → M satisfying Du ◦ j = J ◦ Du for the standard complex
structure j on CP 1. Such spheres and their significance in symplectic topology were discovered
by Gromov [30]. We refer to McDuff-Salamon [42] for a detailed modern description of this
notion.
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least 2, while we make no such assumptions. Furthermore, the results of Wu-Liu
[90], which hold only in dimension 4, cover a different class of manifolds than our
results.
Before addressing further results on the metric properties of Hamiltonian torsion,
when it exists in the positive monotone case, we comment on our methods of
proof. Curiously enough, our arguments involve a recently discovered analogue
of Smith theory in filtered Hamiltonian Floer homology [72, 75, 79], and related
notions of quantum Steenrod powers [73, 87, 88]. Previously these methods were
applied to questions of existence of infinitely many periodic points [73, 75] and,
more restrictively, of obstructions on manifolds to admit Hamiltonian pseudo-
rotations [12, 76, 77]. In fact, a general theme of this paper is that a Hamiltonian
diffeomorphism of finite order behaves in many senses like a counterexample to
the Conley conjecture. For example, the statement of Corollary 2 is analogous
to that of [29, Theorem 1.1] that provides the most general setting wherein the
Conley conjecture is known to hold.
Additional results in this paper include the following. First, in the special case
when (M,ω) has minimal Chern number N = n + 1, we deduce from the work
of Seidel and Wilkins [74], as in [76], that non-trivial Hamiltonian torsion implies
that the quantum product [pt]∗[pt] does not vanish. This means that the manifold
is strongly rationally connected: it implies strong uniruledness, and also shows
that for each pair of distinct points p1, p2 in M, and each ω-compatible almost
complex structure J, there exists a J-holomorphic sphere in M passing through
p1, p2. Second, we prove that the spectral norm [50, 67, 85] of a Hamiltonian
torsion element φ of order k on a closed rational symplectic manifold, that is
〈[ω], π2(M)〉 = ρ·Z, ρ > 0, satisfies γ(φ) ≥ ρ/k, and as an immediate consequence,
the same estimate applies for the Hofer norm [32, 37].
More importantly, in our final main result, we prove that in the monotone case,
given φ ∈ Ham(M,ω) \ {id} of order k, that is φk = id, there exists m ∈ Z/kZ
such that
(1) γ(φm) ≥ ρ/3.
This last result should be considered a Hamiltonian analogue of the celebrated
result of Newman [48] (see also [15, 81]), the C0-distance having been replaced
by the spectral distance. Moreover we prove the stronger statement that if k is
prime, then γ(φm) ≥ ρ⌊k/2⌋/k for a certain m ∈ Z/kZ, and provide a similar
statement in the context of Hamiltonian pseudo-rotations.
The bound (1) can further be seen to imply Newman’s result in a special case
as follows. By [78, Theorem C] (see also [35]), when M = CPn is the complex
projective space with the standard symplectic form normalized so that CP 1 has
area 1, there is a constant cn depending only on the dimension, such that for all
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φ ∈ Ham(M,ω), the usual C0-distance of φ to the identity satisfies
dC0(φ, id) ≥ cnγ(φ).
Hence if φ is of finite order, then by (1) there exists m ∈ Z such that
dC0(φ
m, id) ≥ cn/3.
It would be very interesting to see if the results of this paper can be generalized to
the case of Hamiltonian homeomorphisms, as defined in [6]. This generalization
does not seem to be straightforward because we use the properties of the lineariza-
tion of the Hamiltonian diffeomorphism at its fixed points, as well as Smith theory
in filtered Floer homology, which is not in general stable in the C0-topology.
We close the introduction by noting that we expect that our results in the mono-
tone case should generalize to the semi-positive case, once the relevant results of
[75],[73] have been generalized to the requisite setting. Since these generalizations
would not considerably differ, in a conceptual way, from the arguments presented
in this paper, but would necessitate more lengthy technical proofs, we defer their
investigation to further publications.
1.2. Main results. We start with the following theorem of Polterovich [56], orig-
inally stated in the case where π2 = 0. For the reader’s convenience we include its
proof in Section 5.4.
Theorem A (Polterovich). Let (M,ω) be a closed symplectically aspherical sym-
plectic manifold. Then each homomorphism G→ Ham(M,ω), where G is a finite
group, is trivial.
In this paper we prove a number of additional “no-torsion” theorems of this kind,
going beyond the symplectically aspherical case, and study the metric properties
of Hamiltonian diffeomorphisms of finite order when such obstructions do not
hold. Our conditions on the manifold that imply the absence of Hamiltonian
torsion are of two kinds: the first is purely topological, and the second, perhaps
more surprisingly, is in terms of pseudo-holomorphic curves.
1.2.1. Topological conditions. The first set of results of this paper is as follows.
Theorem B. Let (M,ω) be a closed negative monotone or closed symplectically
Calabi-Yau symplectic manifold. Then each homomorphism G → Ham(M,ω),
where G is a finite group, is trivial.
A simple exercise in linear algebra shows that the class of manifolds, which we
call symplectically non-positive, covered by Theorems A and B can be described
concisely as those closed symplectic manifolds (M,ω) for which
〈[ω], A〉 · 〈c1(TM), A〉 ≤ 0
for all A ∈ π2(M). In other words, the following holds.
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Corollary 2. If a closed symplectic manifold (M,ω) admits a non-trivial homo-
morphism G → Ham(M,ω) from a finite group, then there exists A ∈ π2(M),
such that 〈[ω], A〉 > 0, 〈c1(TM), A〉 > 0.
For details of this implication see [29, Proof of Theorem 4.1].
Both these results are given by the following two steps that essentially generalize
the notion of a perfect Hamiltonian diffeomorphism, namely one that has a finite
number of contractible periodic points of all periods, to the case of compact path-
connected isolated sets of fixed points. We call such an isolated set of fixed points
of φ ∈ Ham(M,ω) a generalized fixed point of φ. Recall that a fixed point x of a
Hamiltonian diffeomorphism φ = φ1H is called contractible whenever the homotopy
class α(x, φ) of the path α(x,H) = {φtH(x)} for a Hamiltonian H generating φ,
is trivial. This class does not depend on the choice of Hamiltonian by a classical
argument in Floer theory. We call a generalized fixed point F of φ contractible,
if all fixed points x ∈ F are contractible.
We call φ ∈ Ham(M,ω) generalized perfect if there exists a sequence kj → ∞ of
iterations, such that for all j ∈ Z>0 the diffeomorphism φ
kj has a finite number
of contractible generalized fixed points, this set of contractible generalized fixed
points does not depend on j, and moreover the following condition regarding in-
dices holds: for each capping F of the generalized periodic orbit F corresponding
to a generalized fixed point F ∈ π0(Fix(φ
kj )), and Hamiltonian H generating φ,
the mean-index ∆(H(kj), x), where x is a capped 1-periodic orbit of H(kj) corre-
sponding to x ∈ F and capping F is constant as a function of x ∈ F . We refer
to Section 2.1.3 for the definition of the mean-index.
Finally we call a diffeomorphism φ with a finite number of (contractible) general-
ized fixed points weakly non-degenerate if for each (contractible) fixed point x of φ,
the spectrum of the differential D(φ)x at x contains points different from 1 ∈ C.
Using the existence of ω-compatible almost complex structures invariant under
a Hamiltonian diffeomorphism of finite order, we prove the following structural
result.
Theorem C. Let (M,ω) be a closed symplectic manifold. Then a p-torsion
Hamiltonian diffeomorphism φ ∈ Ham(M,ω) for a prime p, is a weakly non-
degenerate generalized perfect Hamiltonian diffeomorphism. In fact, it is Floer-
Morse-Bott and its generalized fixed points are symplectic submanifolds.
Following the index arguments of Salamon-Zehnder [65], and their generalization
due to Ginzburg-Gu¨rel [28], we prove the following obstruction to the existence
of weakly non-degenerate generalized perfect Hamiltonian diffeomorphisms.
Theorem D. Let a closed symplectic manifold (M,ω) be negative monotone or
symplectically Calabi-Yau. Then (M,ω) does not admit weakly non-degenerate
generalized perfect Hamiltonian diffeomorphisms.
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Together with Theorem C, Theorem D immediately implies Theorem B, after
the elementary observation that in view of Cauchy’s theorem for finite groups,
to rule out all Hamiltonian finite group actions it is sufficient to rule out all
Hamiltonian torsion of prime order. One can say that, almost paradoxically, we
use the large time asymptotic behavior of our Hamiltonian system to study its
periodic dynamics! This can be considered to be the main general idea of this
paper.
We remark that, as easy examples show, generalized perfect Hamiltonian diffeo-
morphisms do indeed exist on the manifolds of Theorem D, if one drops the weak
non-degeneracy assumption. For example, one can take T 2 = S1 × S1, S1 = R/Z
to be the standard torus with (x, y) denoting a general point, and ωst = dx ∧ dy
the standard symplectic form, and pick φ ∈ Ham(T 2, ωst), φ = φ
t
H , t > 0, for
H ∈ C∞(T 2,R) given by H(x, y) = cos(2πy). It is easy to see that the set of con-
tractible periodic points of φ consists precisely of the two isolated sets {y = 0},
and {y = 12}.
1.2.2. Conditions in terms of pseudo-holomorphic curves. Our second set of re-
sults deals with the class of monotone symplectic manifolds. It is evident that
far more than topological conditions are necessary to rule out Hamiltonian tor-
sion in this case, since each Hamiltonian S1-manifold, such as CPn for example,
admits Hamiltonian torsion. We formulate our restriction on the existence of
Hamiltonian torsion geometrically as follows. For an ω-compatible almost com-
plex structure J on a closed symplectic manifold (M,ω) we say that the manifold
is geometrically uniruled if for each point p ∈ M, there exists a J-holomorphic
sphere u : CP 1 →M, such that p ∈ im(u).
Theorem E. Let (M,ω) be a closed monotone symplectic manifold, that is not
geometrically uniruled for a certain ω-compatible almost complex structure J. Then
each homomorphism G→ Ham(M,ω), where G is a finite group, is trivial.
This is a corollary of the following more precise result involving the quantum
Steenrod power operations.
Theorem F. Let (M,ω) be a closed monotone symplectic manifold that admits
a Hamiltonian diffeomorphism of order d > 1. Then the p-th quantum Steenrod
power of the cohomology class µ ∈ H2n(M ;Fp) Poincare´ dual to the point class is
deformed for all primes p coprime to d.
Theorems E and F provide an obstruction to the existence of Hamiltonian diffeo-
morphisms of finite order in terms of pseudo-holomorphic curves. The existence
of an obstruction of this type was conjectured by McDuff and Salamon, and pub-
licized as Problem 24 in their introductory monograph [43]. Therefore we provide
a solution to a reasonable variant of this problem. Indeed, further investigations
into the enumerative nature of quantum Steenrod operations might prove that our
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solution is in fact complete, in the framework of monotone symplectic manifolds.
Such investigations were initiated in [74, 87, 88].
The proof of Theorem F relies on two steps. These steps are aimed at showing
that torsion Hamiltonian diffeomorphisms of closed monotone symplectic mani-
folds, that by Theorem C are generalized perfect and weakly non-degenerate, are
moreover homologically minimal in the following sense. Let K be a field. We call a
Hamiltonian diffeomorphism a generalized K pseudo-rotation with the sequence kj
if it is generalized perfect with the sequence kj , and furthermore HF
loc(ψ,F) 6= 0
for all F ∈ π0(Fix(ψ)), and the homological count
N(ψ,K) :=
∑
F∈π0(Fix(ψ))
dimKHF
loc(ψ,F)
of generalized fixed points of ψ = φkj satisfies
N(ψ,K) = dimKH∗(M ;K)
for all j ∈ Z>0. We recall that usually an Fp pseudo-rotation is defined anal-
ogously, with the sequence kj = p
j−1 with the additional hypothesis that each
F ∈ π0(Fix(ψ)) for ψ = φ
kj consists of a single point. We note that kj = p
j−1
shall often be a convenient sequence for us to work with.
In view of the discussion in [75, 78] this homological minimality for a Hamiltonian
diffeomorphism ψ with a finite number of generalized fixed points is equivalent
to the absence of finite bars in the barcode B(ψ) of ψ, a notion of recent interest
in symplectic topology (see [36, 58, 59, 75, 78] for example). It also implies the
equality
Specess(F ;K) = Specvis(F ;K)
between two homologically defined subsets of the spectrum associated to a Hamil-
tonian F ∈ H generating ψ. Recall that the spectrum Spec(F ) of F is the set of
critical values of the action functional of F. For a coefficient field K, there is a
nested sequence of subsets
Specess(F ;K) ⊂ Specvis(F ;K) ⊂ Spec(F ).
Here the essential spectrum Specess(F ;K) is the set of values of all spectral invari-
ants associated to F, in other words the set of starting points of infinite bars in
the barcode of F, and the visible spectrum Specvis(F ;K) is the set of action values
of capped (generalized) periodic orbits of F that have non-zero local Floer homol-
ogy, in other words the set of endpoints of all bars in the barcode. It is not hard
to modify the definitions of the two homological spectra to include multiplicities,
in which case their equality would be equivalent to homological minimality.
The first step in the proof of Theorem F, which is non-trivial and uses the main
methods of [75], is the following reduction.
Theorem G. Let (M,ω) be a closed monotone symplectic manifold. Suppose that
φ ∈ Ham(M,ω) is a Hamiltonian diffeomorphism of prime order q ≥ 2. Then:
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(i) For each prime p different from q, the q-torsion diffeomorphism φ is a
weakly non-degenerate generalized pseudo-rotation over Fp, with the se-
quence kj given by the monotone-increasing ordering of any infinite subset
of the set
{k ∈ Z | k 6= 0 (mod q)}.
(ii) Moreover
Specess(H;K) = Specvis(H;K)
for each Hamiltonian H generating φ, and each coefficient field K, of char-
acteristic p 6= q and
Specess(H(k);Q) = k · Specess(H;Q) + ρ · Z
for all k coprime to q.
(iii) Finally, part (i) holds also for p = q, and in part (ii)
Specess(H;K) = Specvis(H;K),
Specess(H(k);K) = k · Specess(H;K) + ρ · Z
hold with arbitary coefficient field K, and moreover
Specvis(H;K) = Spec(H).
We briefly explain the approach used to prove part (i) of Theorem G. Following the
main theme of the proof of Theorem C, we use information about large iterations
of H to study the periodic Hamiltonian diffeomorphism φ = φ1H that it generates.
More precisely, let ψ = φk, for k coprime to q. Combining the theory of barcodes
of Hamiltonian diffeomorphisms (see Proposition 21), and Smith-type inqualities
in filtered Floer homology (see Theorem M), we observe that for the bar-lengths
β1(ψ,Fp) ≤ . . . ≤ βK(ψ,Fp)(ψ,Fp)
of ψ, we have the following inequality. Set
βtot(ψ,Fp) = β1(ψ,Fp) + . . .+ βK(ψ,Fp)(ψ,Fp)
to be the total bar-length of ψ. Then
βtot(ψ
pm ,Fp) ≥ p
m · βtot(ψ,Fp).
However, βtot(ψ
pm ,Fp) is bounded, since it can take at most q − 1 values. This
implies that
βtot(ψ,Fp) = 0
which in turn, implies part (i), by the theory of barcodes (see Proposition 21).
Remark 3. We separate part (iii) of Theorem G because it requires a different
proof, relying on Proposition 4 below. The first statement of part (iii) is obtained
via Proposition 4 by classical Smith theory combined with classical homological
Arnol’d conjecture (outlined in [10, Remark 7.1] with details for p = 2). One
could also obtain this statement by a suitable generalization of Theorem M on
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Smith theory in filtered Floer homology, which is however out of the scope of this
paper.
The following statement is a key component of the proof of Theorem G. It relies
on the generalization of the Morse-Bott theory of Pozniak [60, Theorem 3.4.11] to
the situation with signs and orientations, as in for example [66, Chapter 9], [25,
Chapter 8], or [86]. However it is not entirely straightforward, because as classical
examples show, it is false in the general Floer-Morse-Bott situation, while in our
case it holds because of the existence of special ω-compatible almost complex
structures adapted to the situation.
Proposition 4. Let (M,ω) be a closed symplectic manifold, and φ ∈ Ham(M,ω)
a Hamiltonian diffeomorphism of finite order d ≥ 2. Let F be a path-connected
component of the fixed-point set of φ. Finally, let R be a commutative unital ring.
Then the local Floer homology of φ at F with coefficients in R satisfies:
HF loc(φ,F) ∼= H(F ;R).
The second step in the argument is the following statement. It essentially follows
the arguments of [77] and [73].
Theorem H. Let (M,ω) be a closed monotone symplectic manifold that admits a
weakly non-degenerate generalized Fp pseudo-rotation for a prime p ≥ 2. Then the
p-th quantum Steenrod power of the cohomology class µ ∈ H2n(M ;Fp) Poincare´
dual to the point class is deformed.
These two results immediately imply Theorem F and therefore, by a Gromov
compactness argument, Theorem E.
1.2.3. Applications to actions of Lie groups and lattices. To conclude the discus-
sion of our first two sets of results, we discuss their implications to the question of
existence of Hamiltonian actions of possibly disconnected Lie groups and lattices
in Lie groups, on closed symplectic manifolds.
A well-known result of Delzant [14] (see [57] for an alternative argument) implies
that a connected semi-simple group can only act on a closed symplectic manifold
if it is compact. A compact zero-dimensional Lie group is finite, whence Theorems
B and E provide topological and geometrical obstructions to their action. The
identity component K0 of a compact Lie group K of positive dimension is a
compact connected Lie group of positive dimension, and as such admits a maximal
torus T ∼= (S1)k of positive dimension whose conjugates cover the whole group.
Therefore, the absence of Hamiltonian torsion, as in Theorems A, B, E, and F
implies that a non-trivial K-action yields a non-trivial K0-action, since otherwise
it would factor through K/K0 which is finite. This in turn yields a non-trivial
T -action and a fortiori a non-trivial S1-action. A celebrated result of McDuff [41]
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then shows that non-trivial S1-actions imply uniruledness in the sense of k-point
genus 0 Gromov-Witten invariants and hence geometric uniruledness.
Corollary 5 (McDuff). Let (M,ω) be a closed symplectic manifold that is not ge-
ometrically uniruled. Then each homomorphism K0 → Ham(M,ω) for a compact
connected Lie group K0 must be trivial.
Moreover, by a simple continuity argument, a non-trivial continuous S1-action
implies a non-trivial Z/pZ-action for each prime p. Therefore Theorems B and E
imply the above corollary of the result of McDuff for symplectically aspherical,
symplectically Calabi-Yau, negative monotone, or monotone symplectic mani-
folds. However, Theorem F also implies that in this case if the manifold is mono-
tone, it must be Fp Steenrod-uniruled for all primes p. It is seen from examples
due to Seidel and Wilkins [74] that there exist closed monotone symplectic mani-
folds that are uniruled in the sense of Gromov-Witten invariants, and yet not Fp
Steenrod-uniruled for certain primes p.
We note that McDuff’s theorem was proven by showing that certain loops of
Hamiltonian diffeomorphisms in a blow-up of the manifold are non-trivial, and
detectable by Seidel’s representation [69]. It would be interesting to investi-
gate the existence of non-trivial Hamiltonian loops associated to Hamiltonian
diffeomorphisms of finite order. We note that for a Hamiltonian H generating
φ ∈ Ham(M,ω) of order d, the Hamiltonian H(d) generates a loop homotopic to
{(φtH)
d}. The non-contractibility of this loop is not obvious since for a rotation
φ2π/3 of S
2 by angle 2π/3 about the z-axis, the loop {φ3t·2π/3} is not contractible in
Ham(S2, ωst), while the loop {φ
3
−t·4π/3} is contractible therein, yet φ−4π/3 = φ2π/3.
Finally we can argue, following the work of Polterovich [56] on the Hamiltonian
Zimmer conjecture, that SL(k,Z) for k ≥ 2 has no non-trivial Hamiltonian actions
on symplectically aspherical, symplectically Calabi-Yau, negative monotone, or
monotone and not geometrically uniruled closed symplectic manifolds. Indeed, it
is well-known that SL(k,Z) for k ≥ 2 is generated by elements of finite order.
We remark, however, that the case of finite index subgroups of SL(k,Z), k ≥ 3,
is much more difficult and seems to be currently out of reach of our methods.
1.2.4. Metric properties. Our third and final set of results studies the metric prop-
erties of Hamiltonian torsion diffeomorphisms, in cases that are not ruled out by
our previous arguments, for example on CPn.
Recall that the spectral pseudo-norm of a Hamiltonian H ∈ C∞(S1 ×M,R) on
a closed symplectic manifold (M,ω) is defined in terms of Hamiltonian spectral
invariants as
γ(H) = c([M ],H) + c([M ],H),
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and the spectral norm of φ ∈ Ham(M,ω) is set as
γ(φ) = inf
φ1
H
=φ
γ(H).
We refer to Section 2 for a more in-depth discussion of this interesting notion,
remarking for now that this is a conjugation-invariant and non-degenerate norm
on Ham(M,ω), yielding a bi-invariant metric
dγ(f, g) = γ(gf
−1).
This was shown in large generality in [50, 67, 85].
Furthermore, whenever defined, γ(φ) provides a lower bound on the celebrated
Hofer distance [32, 37] dHofer(φ, id), defined as
dHofer(φ, id) = inf
φ1
H
=φ
∫ 1
0
max
M
H(t,−)−min
M
H(t,−) dt.
Finally in [6, 35, 78] it was shown in various degrees of generality that γ(φ) is
bounded by the C0-distance dC0(φ, id) of φ to the identity, at least in a small
dC0-neighborhood of the identity.
These and numerous other recent results show that the spectral norm γ is an
important measure of a Hamiltonian diffeomorphism. Here, we provide lower
bounds on γ(φ), under the assumption that φ is of finite order. Our first result
is relatively general and quite straightforward, and follows essentially from the
homogeneity of the action under iteration, however it underlines the fact that the
finite order condition implies certain metric rigidity.
Theorem I. Let (M,ω) be a closed rational symplectic manifold, with rationality
constant ρ > 0, that is 〈[ω], π2(M)〉 = ρ · Z. Let φ ∈ Ham(M,ω) be a non-trivial
Hamiltonian diffeomorphism of order d, that is φd = id . Then γ(φ) ≥ ρ/d.
As a further consequence of Theorem G, which requires considerably more com-
plex methods, we obtain the following analogue of Newman’s theorem for the
spectral norm of Hamiltonian torsion elements.
Theorem J. Let (M,ω) be a closed monotone symplectic manifold. Consider a
Hamiltonian diffeomorphism φ ∈ Ham(M,ω) of order d > 1. Then if the ratio-
nality constant of ω is ρ > 0, there exists m ∈ Z/dZ such that
γ(φm) ≥ ρ/3.
Here the coefficients are in an arbitrary field K. In fact, if d = p is prime, we
prove the stronger statement, that there exists m ∈ Z/pZ, such that
γ(φm) ≥ ρ · ⌊p/2⌋/p.
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The key notion in the proof of this result is a new invariant of a Hamiltonian dif-
feomorphism φ ∈ Ham(M,ω), which we call the spectral length l(φ,K) of φ with
coefficients in a field K. It is defined as the minimal diameter of Specess(H;K)∩I,
for an interval I = (a− ρ, a] ⊂ R of length ρ (with fixed H as I varies). In partic-
ular, we show that this minimum does not depend on the choice of Hamiltonian
H with φ1H = φ. We show the key property that l(φ,K) ≤ γ(φ,K) and that in our
case the spectral length behaves in a controlled way with respect to iterations. By
a combinatorial analysis of our situation we consequently deduce Theorem J. We
expect l(φ,K) to have additional applications in quantitative symplectic topology
that we plan to investigate.
Theorem J is generally speaking sharp, as can be seen from the rotation φ of S2
by 2π/3 about the z-axis. In this case φ3 = id and γ(φ) = γ(φ2) = γ(φ−1) = ρ/3,
where ρ is the area of the sphere. Observe moreover that the lower bound in
Theorem J does not depend on the order of φ. In particular if d = 2 then Theorem I
gives the stronger lower bound γ(φ) ≥ ρ/2, which is again sharp for the π-rotation
of S2 about the z-axis. We recall that Newman’s theorem is the same assertion,
but for the C0-distance to the identity, in the setting of homeomorphisms of
smooth manifolds. In contrast to our result, the constant in Newman’s theorem
is not explicit.
Finally, we remark that analogous statements hold for generalized Fp pseudo-
rotations φ with sufficiently large admissible sequences. For example, for the
sequence kj = p
j−1, we get the lower bound γ(φkj ) ≥ ρ/(p+1) for some j ∈ Z>0,
which is saturated by the rotation of S2 by 2π/(p + 1) about the z-axis. For the
sequence kj = j, we obtain the following lower bound, which is saturated by any
2πθ-rotation on S2 about the z-axis, where θ /∈ Q.
Theorem K. Let φ ∈ Ham(M,ω) be a generalized K pseudo-rotation with se-
quence kj = j on a closed monotone symplectic manifold (M,ω) with rationality
constant ρ. Then
sup
j∈Z>0
γ(φkj ) ≥ ρ/2,
the coefficients being taken in K.
This result is new in this generality even for strongly non-degenerate pseudo-
rotations. In the special case where (M,ω) is a complex projective space, this
result can also be obtained in a different way by following the methods of [27].
2. Preliminary material
2.1. Basic setup. In this section, we recall established aspects of the theory of
Hamiltonian diffeomorphisms on symplectic manifolds. Throughout the article,
(M,ω) denotes a 2n-dimensional closed symplectic manifold.
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Definition 6 (Monotone, negative monotone and symplectically Calabi-Yau).
Suppose that the cohomology class of the symplectic form ω is proportional to
the first Chern class
[ω] = κ · c1(TM),
for κ 6= 0, on the image HS2 (M ;Z) of the Hurewicz map π2(M) → H2(M ;Z). If
κ < 0 we call (M,ω) negative monotone, and if κ > 0 we simply say monotone. If
the first Chern class c1(TM) vanishes on the image of the Hurewicz map, we say
(M,ω) is symplectically Calabi-Yau.
The symplectic manifold (M,ω) is called rational whenever Pω =
〈
[ω],HS2 (M ;Z)
〉
is a discrete subgroup of R. If Pω 6= {0}, then Pω = ρ · Z for ρ > 0, which we
call the rationality constant of (M,ω). If Pω = 0 we call (M,ω) symplectically
aspherical.
Finally we recall that the minimal Chern number of (M,ω) is the index
N = NM = [Z : im(c1(TM) : π2(M)→ Z)].
2.1.1. Hamiltonian isotopies and diffeomorphisms. We consider normalized 1-
periodic Hamiltonian functions H ∈ H ⊂ C∞(S1×M,R), where H is the space of
Hamiltonians normalized so that H(t,−) has zero ωn mean for all t ∈ [0, 1]. For
each H ∈ H we have the corresponding time-dependent vector field XtH defined
by the relation ω(XtH , · ) = −dHt. In particular, to each Hamiltonian function we
can associate a Hamiltonian isotopy {φtH} induced by X
t
H and its time-one map
φH = φ
1
H . We omit the H from this notation whenever it is clear from context.
Such maps φH are called Hamiltonian diffeomorphisms and they form a group
denoted by Ham(M,ω).
For a Hamiltonian diffeomorphism φ ∈ Ham(M,ω), we denote the set of its con-
tractible fixed points by Fix(φ), and by x(k), for x ∈ Fix(φ), its image under the
inclusion Fix(φ) ⊂ Fix(φk). Contractible means the homotopy class α(x, φ) of
the path α(x,H) = {φtH(x)} for a Hamiltonian H ∈ H generating φ, is trivial.
This class does not depend on the choice of Hamiltonian by a classical argument
in Floer theory.
We denote by H(k) the 1-periodic k-th iteration of a Hamiltonian function H,
whereH(k)(t, x) = kH(kt, x) and φH(k) = φ
k
H . There is a bijective correspondence
between Fix(φH) and contractible 1-periodic orbits of the isotopy {φ
t
H}, thus for
x ∈ Fix(φH), we denote by x(t) the 1-periodic orbit given by x(t) = φ
t
H(x) and,
similarly, by x(k)(t) the 1-periodic orbit given by x(k)(t) = φt
H(k)
(x(k)).
2.1.2. The Hamiltonian action functional. Let x : S1 →M be a contractible loop.
It is then possible to extend this map to a capping of x, namely, a map x : D2 →M
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such that x|S1 = x. Let LptM denote the space of contractible loops in M and
consider the equivalence relation on capped orbits given by
(x, x) ∼ (y, y) ⇐⇒ x = y and x#(−y) ∈ ker[ω],
where x#(−y) stands for gluing disks along their boundaries with the orientation
of y reversed. The quotient space L˜ptM of capped orbits by the above equivalence
relation is a covering of LptM with the group of deck transformations isomorphic
to Γ = π2(M)/ ker[ω]. We write (x, x) or simply x for the equivalence class
of the capped orbit. With this notation, to each A ∈ Γ we associate the deck
transformation sending a capped orbit x to x#A. We define the Hamiltonian
action functional AH : L˜ptM → R of a 1-periodic Hamiltonian H by
AH(x) =
∫ 1
0
H(t, x(t))dt −
∫
x
ω.
Observe that the critical points of the Hamiltonian action functional are exactly
(x, x) for x a contractible 1-periodic orbit O(H) satisfying the equation x′(t) =
XtH(x(t)). We denote by O˜(H) the set of critical points of AH . The action
spectrum of H is defined as Spec(H) = AH(O˜(H)). We remark following [67]
that in the monotone and negative monotone cases the action spectrum is a closed
nowhere dense subset of R. In addition, if A ∈ Γ then
AH(x#A) = AH(x)−
∫
A
ω,
and for x(k), the k−th iteration of x with the naturally inherited capping, we have
AH(k)(x
(k)) = kAH(x).
Definition 7 (Non-degenerate and weakly non-degenerate orbits). A 1-periodic
orbit x ofH is called non-degenerate if 1 is not an eigenvalue of the linearized time-
one map D(φ1H)x(0). We call x weakly non-degenerate if there exists at least one
eigenvalue of D(φ1H)x(0) different from 1. A Hamiltonian H is said non-degenerate
if all its 1-periodic orbits are non-degenerate.
The non-degeneracy of an orbit x of H is equivalent to
graph(φH) = {(x, φH (x))|x ∈M}
intersecting the diagonal ∆M ⊂ M ×M transversely at (x(0), x(0)). Following
[65] for any Hamiltonian H and ǫ > 0 there exists a non-degenerate Hamiltonian
H ′ satisfying ‖H −H ′‖C2 < ǫ. This fact is key in the definition of filtered Floer
Homology of degenerate Hamiltonians and for local Floer homology.
2.1.3. Mean-index and the Conley-Zehnder index. Following [28, 65], the mean-
index ∆(H,x) of a capped orbit x of a possibly degenerate Hamiltonian H is a real
number measuring the sum of the angles swept by the eigenvalues of {D(φtH)x(t)}
lying on the unit circle. Here a trivialization induced by the capping is used in
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order to view {D(φtH)x(t)} as a path in Sp(2n,R). One can show that for the
time-one map φ = φH generated by the Hamiltonian H the mean-index depends
only on the class φ˜ of {φtH}t∈[0,1] in the universal cover H˜am(M,ω) making the
notation ∆(φ˜, x) suitable. In addition, the mean-index depends continuously on
both φ and the capped orbit and it behaves well with iterations,
∆(φ˜k, x(k)) = k ·∆(φ˜, x).
Meanwhile, the Conley-Zehnder index CZ(H,x) of a non-degenerate Hamiltonian
is integer valued and roughly measures the winding number of the above men-
tioned eigenvalues. Once again, the index only depends on φ˜ so we can also write
CZ(H,x) = CZ(φ˜, x). We shall use the same normalization as in [28], namely,
CZ(H,x) = n if x is a non-degenerate maximum of an autonomous Hamiltonian
H with small Hessian and x is the constant capping. We shall omit the H or φ˜
in the notation when it is clear from the context. We remark that for an element
A ∈ Γ
∆(x#A) = ∆(x)− 2〈c1(TM), A〉 and CZ(x#A) = CZ(x)− 2〈c1(TM), A〉.
Also, in the case that x is non-degenerate we have
(2) |∆(x)− CZ(x)| < n.
Following [17, 57, 61] we observe that a version of the Conley-Zehnder index can
be defined even in the case where the capped orbit is degenerate. It is called
the Robbin-Salamon index and it coincides with the usual Conley-Zehnder index
in the non-degenerate case. Furthermore we note that the mean-index can be
equivalently defined by
(3) ∆(φ˜H , x) = lim
k→∞
1
k
CZ(φ˜kH , x
(k)),
where we are slightly abusing notation in the sense that CZ here means the
Robbin-Salamon index so as to include the degenerate case. The limit in (3)
exists, as the Robbin-Salamon index is a quasi-morphism CZ : S˜p(2n,R) → R
(see [17, Section 3.3.4], [13]). In particular, as can also be seen directly from its
definition in [65], the mean-index is induced by a homogeneous quasi-morphism
∆ : S˜p(2n,R)→ R. Morevoer, this map is continuous, and satisfies the additivity
property
∆(ΦΨ) = ∆(Φ) + ∆(Ψ)
for all Φ ∈ π1(Sp(2n,R)) ⊂ S˜p(2n,R) and all Ψ ∈ S˜p(2n,R).
2.2. Floer theory. Floer thoery was first introduced by A.Floer [19, 20, 21]
as a generalization of the Morse-Novikov homology for the Hamiltonian action
functional defined above. We refer to [52] and references therein for details on
the constructions described in this subsection, and to [1, 70, 91], as well as to
references therein, for a discussion of canonical orientations.
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2.2.1. Filtered and total Floer Homology. In this subsection we review the con-
struction of filtered Floer homology in order to recall some basic properties and
set notation.
Let H be a non-degenerate 1-periodic Hamiltonian on a rational symplectic man-
ifold (M,ω) and K a fixed base field. For a ∈ R\Spec(H) and {Jt ∈ J (M,ω)}t∈S1
a generic loop of ω-compatible almost complex structures, denote
CFk(H;J)
<a =
{∑
λx · x
∣∣ x ∈ O˜(H), CZ(x) = k, λx ∈ K, AH(x) < a
}
,
where #{λx 6= 0 | AH(x) > c} <∞ for every c ∈ R, the vector space over K gener-
ated by critical points of the Hamiltonian action functional of filtration level < a.
The graded K-vector space CF∗(H,J)
<a is endowed with the Floer differential
dH;J , which is defined as the signed count of isolated solutions (quotiented out by
the R-action) of the asymptotic boundary value problem on maps u : R×S1 →M
defined by the negative gradient of AH [64, 65]. In other words, the boundary
operator counts the finite energy solutions to the Floer equation
∂u
∂s
+ Jt(u)
∂u
∂t
+∇Ht(u) = 0 s.t. E(u) =
∫
R
∫
S1
∥∥∥∥∂u∂s
∥∥∥∥2dt ds <∞
that converge to periodic orbits x− and x+ as s tends to ±∞ such that the
capping x−#u is equivalent to x+ and CZ(x−) − CZ(x+) = 1. In this case the
Floer trajectory u satisfies E(u) = AH(x−)−AH(x+). We thus obtain the filtered
Floer chain complex (CF∗(H;J)
<a, dH;J) which is a sub-complex of the total Floer
chain complex obtained in the same way by setting a = +∞. Furthermore, for
an interval I = (a, b), a < b, a, b ∈ R\Spec(H) we define the Floer complex in the
action window I as the quotient complex
CF∗(H;J)
I = CF∗(H;J)
<b/CF∗(H;J)
<a.
The resulting homology of this complex HF∗(H)
I is the Floer homology of H in
the action window I and it is independent of the generic choice of almost complex
structure J . So the (total) Floer homology of H can be obtained by setting
a = −∞ and b = +∞. We note that CF∗(H;J) is naturally a module over the
Novikov field ΛK = K[[q
−1, q] with q a variable of degree 2N. Indeed we define
q−1 · x = x#A0, for A0 the generator of Γ with 〈c1(TM), A0〉 = N and extend it
to a module structure in the natural way.
Observe that by interpolating between distinct Hamiltonians through generic fam-
ilies and writing the Floer continuation map, where the negative gradient depends
on the R-coordinate, one can show that HF∗(H) does not depend on the Hamil-
tonian, and HF∗(H)
I depends only on the homotopy class of {φtH}t∈[0,1] in the
universal cover H˜am(M,ω) of the Hamiltonian group Ham(M,ω). Also, when M
is rational the above construction extends by a standard continuity argument to
degenerate Hamiltonians.
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Remark 8. Since we deal with negative monotone symplectic manifolds, it is im-
portant to emphasize that for our arguments to apply to this case in general, we
must make use of the machinery of virtual cycles (see [25, 26, 40] and references
therein) to guarantee that the Floer differential is defined. In this case, the ground
field K should be of characteristic zero. However, if the minimal Chern number
of (M,ω) is N ≥ n− 2, then (M,ω) fits into the framework of semi-positive sym-
plectic manifolds, and hence classical transversality techniques suffice (see [33]).
2.2.2. The irrational case. In this paper we also consider the case in which the
manifoldM is symplectically Calabi-Yau, which includes the possibility of it being
irrational. In this case we have to work a little harder if H is degenerate since the
continuation argument above does not work as before, since non-spectral a, b for
H do not necessarily remain non-spectral even for arbitrarily small perturbations
H1 of H. Moreover, the resulting homology groups depend on the choice of non-
degenerate perturbation H1. We shall follow [31] to work around this issue.
For a fixed Hamiltonian H and action window I = (a, b) with a, b ∈ R\Spec(H),
consider the set of non-degenerate perturbations H˜ whose action spectrums do
not include a and b and H ≤ H˜ (i.e. H(t, x) ≤ H˜(t, x) for all x ∈M and t ∈ S1).
Observe that ≤ induces a partial order in the set of perturbations. In addition,
by considering a monotone decreasing homotopy H˜s from H˜0 to H˜1, one obtains
an induced homomorphism between the Floer homology groups. These give rise
to transition maps HF∗(H
′)I → HF∗(H
′′)I whenever H ′′ ≤ H ′. Therefore, we
can define the filtered Floer homology of H by taking the direct limit
HF∗(H)
I = lim
−→
HF∗(H
′)I
over the homology groups of the perturbations satisfying the aforementioned con-
ditions. We remark that in the case where H is non-degenerate or M is rational,
this definition coincides with the usual filtered Floer homology groups.
2.2.3. Local Floer homology. In this section we shall follow [28] in order to briefly
review the construction of the local Floer homology of a Hamiltonian H at a
capping x of an isolated 1-periodic orbit x.
Since x is isolated we can find an isolating neighbourhood U of x in the extended
phase-space S1 ×M whose closure does not intersect the image {(t, y(t))}t∈[0,1]
of any other orbit y of H. For a C2 small enough non-degenerate perturbation
H ′ the orbit x splits into finitely many 1-periodic orbits O(H ′, x) of H ′ which are
contained in U and whose cappings are inherited from x. We denote by O(H ′, x)
the capped 1-periodic orbits x splits into. Moreover, we can also guarantee that
any Floer trajectory and any broken trajectory, between capped orbits in O(H ′, x)
are contained in U . For a base field K we consider the vector space CF∗(H,x)
generated by O(H ′, x), which by the above observation naturally inherits a Floer
differential and a grading by the Conley-Zehnder index. The homology of this
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chain complex is independent of the choice of the perturbation H ′ once it is close
enough and it is called the local Floer homology of H at x; it is denoted by
HF loc∗ (H,x). This group depends only on the class φ˜ of {φ
t
H} in the universal
cover H˜am(M,ω) and the capped orbit x, in the sense that homotopic paths
have choices of cappings of orbits corresponding to a fixed point x ∈ Fix(φ) in
bijection, and the corresponding groups are canonically isomorphic. Hence we
write HF loc∗ (H,x) = HF
loc
∗ (φ˜, x). If we ignore the Z-grading, then the group
depends only on φ = φ1H and x ∈ Fix(φ). In this case, we write HF
loc(φ, x) for
the corresponding local homology group which is naturally only Z/(2)-graded.
Let x be a capped 1-periodic orbit of a Hamiltonian H. We define the support of
HF loc∗ (H,x) to be the collection of integers k such that HF
loc
k (H,x) 6= 0. By the
continuity of the mean-index and by equation (2) it follows that HF loc∗ (H,x) is
supported in the interval [∆(x)− n, ∆(x) + n]. One can show that if x is weakly
non-degenerate then it is actually supported in (∆(x) − n, ∆(x) + n). We shall
explore the idea behind the proof of this second fact later as we use the same
argument to prove a similar claim in slightly greater generality, namely, that of
an isolated compact path-connected family of contractible fixed points.
2.3. Quantum homology and PSS isomorphism. In the present section we
describe the quantum homology of a symplectic manifold. It might be helpful
to think of it as the Hamiltoniana Floer homology in the case the Hamiltonian
is given by a C2-small time-independent Morse function. Alternatively, one may
consider it as the cascade approach [23] to Morse homology for the unperturbed
symplectic area functional on the space L˜ptM . For a more detailed inspection of
these subjects we refer to [38, 52, 71].
2.3.1. Quantum homology. For a fixed ground field K and the Novikov field ΛK =
K[[q−1, q] of (M,ω), where deg(q) = 2N , we setQH(M) = QH(M,K) = H∗(M ; ΛK)
as a ΛK-module. This module has the structure of a graded-commutative unital
algebra over ΛK whose product, denoted by ∗, is defined in terms of 3-point genus
0 Gromov-Witten invatiants [39, 42, 62, 63, 89]. It can be thought of as a deforma-
tion of the usual intersection product on homology. As in the classical homology
algebra, the unit for this quantum product is the fundamental class [M ] of M .
2.3.2. Piunikhin-Salamon-Schwarz isomorphism. Under our conventions for the
Conley-Zehnder index, one obtains a map
PSS : QH∗(M)→ HF∗−n(H),
by counting (for generic auxiliary data) isolated configurations of negative gradient
trajectories γ : (−∞, 0] → M incident at γ(0) with the asymptotic lim
s→−∞
u(s, ·)
20 MARCELO S. ATALLAH AND EGOR SHELUKHIN
of a map u : R× S1 →M of finite energy, satisfying the Floer equation
∂u
∂s
+ Jt(u)
(
∂u
∂t
−Xtk(u)
)
= 0,
for (s, t) ∈ R × S1 and K(s, t) ∈ C∞(M,R) a small perturbation β(s)Ht, such
that it coincides with H for s≪ −1 and s≫ +1. Also, we ask that β : R→ [0, 1]
is a smooth function satisfying β(s) = 0 for s ≪ −1 and s ≫ +1. This map
produces an isomorphism of ΛK-modules, which intertwines the quantum product
on QH(M) with the pair of pants product on Hamiltonian Floer homology. This
map is called the Piunikhin-Salamon-Schwarz isomorphism.
2.4. Spectral invariants in Floer theory. We review the theory of spectral
invariants following the works of [28, 52, 57] which contain a more exhaustive list
of properties and finer details of the construction.
Let (M,ω) be a closed symplectic manifold,H a generic Hamiltonian and {Jt}t∈[0,1]
a loop of ω-compatible almost complex structures. For a ∈ R\Spec(H) the inclu-
sion of the filtered Floer complex into the total complex induces a homorphism
ia : HF (H)
<a → HF (H).
Using the identification provided by the PSS isomorphism QH∗(M) ∼= HF∗−n(H)
we then define
c(αM ,H) = inf{a ∈ R | PSS(αM ) ∈ im(ia)}.
From the definition one can see that the spectral invariants do not depend on
the choice of almost complex structures. In addition, for H ∈ H the spectral
invariant c(αM ,H) depends only on the class φ˜H of {φ
t
H} in the universal cover
H˜am(M,ω), consequently, we also denote c(αM , φ˜H) = c(αM ,H).
Definition 9 (Non-Archimedean valuation). Let Λ be a field. A non-Archimedean
valuation on Λ is a function ν : Λ→ R ∪ {+∞}, such that
(i) ν(x) = +∞ if and only if x = 0,
(ii) ν(xy) = ν(x) + ν(y) for all x, y ∈ Λ,
(iii) ν(x+ y) ≥ min{ν(x), ν(y)} for all x, y ∈ Λ.
The Novikov field ΛK = K[[q
−1, q] possesses a non-Archimedean valuation
ν : ΛK → R ∪ {+∞} given by setting ν(0) = +∞ and
(4) ν(
∑
ajq
j) = −max{ j | aj 6= 0}.
Spectral invariants enjoy a wealth of useful properties established by Schwarz [67],
Viterbo [85], Oh [42, 49, 51] and generalized by Usher [82, 83], all of which hold
for closed rational symplectic manifolds, using the machinery of virtual cycles as
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discussed in Remark 8 if necessary. We summarize below some of the relevant
properties for our purposes:
(i) spectrality : For each αM ∈ QH(M) \ {0} and H ∈ H,
c(αM , φ˜H) ∈ Spec(H).
(ii) stability : For any H,G ∈ H and αM ∈ QH(M) \ {0},∫ 1
0
min
M
(Ht −Gt)dt ≤ c(αM , φ˜H)− c(αM , φ˜G) ≤
∫ 1
0
max
M
(Ht −Gt)dt.
(iii) triangle inequality: For any H,G ∈ H and αM , α
′
M ∈ QH(M) \ {0},
c(αM ∗ α
′
M , φ˜H φ˜G) ≤ c(αM , φ˜H) + c(α
′
M , φ˜G).
(iv) value at identity: c(αM , i˜d) = −ρ · ν(αM ) for every αM ∈ QH(M) \ {0},
where ρ is the rationality constant of (M,ω) and ν is as in (4).
(v) Novikov action: For all H ∈ H, αM ∈ QH(M), λ ∈ ΛK,
c(λαM ,H) = c(αM ,H)− ρ · ν(λ).
(vi) non-Archimedean property: For all αM , α
′
M ∈ QH(M),
c(αM + α
′
M ,H) ≤ max{c(αM ,H), c(α
′
M ,H)}.
We remark that by the continuity property, the spectral invariants are defined for
all H ∈ H and all the above listed properties apply in this generality. Further, we
observe that for αM ∈ QH(M) satisfying αM ∗ αM = αM the triangle inequality
for the spectral invariants implies
c(αM , φ˜H(k)) = c(αM , φ˜
k
H) ≤ k · c(αM , φ˜H).
2.4.1. Spectral norm. For a Hamiltonian H ∈ H, we define its spectral pseudo-
norm by
(5) γ(H) = c([M ], φ˜H ) + c([M ], φ˜H ),
whereH is the Hamiltonian functionH(t, x) = −H(1−t, x). A result of [50, 67, 85]
shows that
γ(φ) = inf
φ1
H
=φ
γ(H),
defines a non-degenerate norm γ : Ham(M,ω) → R≥0 and yields a bi-invariant
distance γ(φ, φ′) = γ(φ′φ−1). We call γ(φ) the spectral norm of φ and γ(φ, φ′) the
spectral distance between φ and φ′.
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2.4.2. Carrier of the spectral invariant. In this section we review the definition
of carriers of the spectral invariant mainly following [28] and references therein.
We observe that while we are going to introduce the notion of carriers specifically
for the fundamental class [M ] ∈ QH(M), it can be done so for any non trivial
quantum homology class µ.
First, we fix αM = [M ] and denote c(H) = c(φ˜H) = c([M ], φ˜H ). Observe that in
the case of a non-degenerate Hamiltonian H, we have
c(φ˜H) = inf{AH(σ) |σ ∈ CFn(H), PSS([M ]) = [σ]},
where AH(σ) is the maximum action of a capped orbit x entering σ ∈ CFn(H).
By the spectrality property of spectral invariants, the infimum is obtained. Con-
sequently, there exists a cycle σ, satisfying [σ] = PSS([M ]), such that AH(x) =
c(φ˜H) for an orbit x entering σ. We call x the carrier of the spectral invariant
and observe that in order to guarantee its uniqueness all the 1-periodic orbits of
H need to have distinct action values. In order to generalize the notion of carriers
to the case where H is degenerate and has isolated orbits we first recall that for
each C2-small non-degenerate perturbation H ′ every capped 1-periodic orbit x
splits into several non-degenerate 1-periodic orbits O(H ′, x) with their capping
inherited from x.
Definition 10 (Carrier of degenerate H with isolated orbits). A capped 1-
periodic orbit x is said to be a carrier of the spectral invariant if there exists
a sequence {H ′k} of non-degenerate perturbations C
2-converging to H such that
for each k, one of the orbits in O(H ′k, x) is a carrier for H
′
k. A uncapped orbit is
said to be a carrier if it becomes one for a suitable capping.
As in the non-degenerate case, the uniqueness of the carrier follows from all the
1-periodic orbits having distinct action values. In this case, the carrier becomes
independent of the choice of sequence {H ′k}. Moreover, since the Floer complex
is stable under small perturbations of the Hamiltonian function and auxiliary
data, we may suppose that all 1-periodic orbits have distinct action values and
that c(φ˜H) = c(φ˜H′
k
) for all k. In addition, the definition of a carrier and the
continuity of the action functional and of the mean-index, readily yield
c(φ˜H) = AH(x) and 0 ≤ ∆(φ˜H , x) ≤ 2n,
where the inequalities can be made strict in the case where the orbit x is weakly
non-degenerate. In [28] the following result was obtained.
Lemma 11. Suppose H only has isolated 1-periodic orbits and let x be a carrier
of the spectral invariant of the fundamental class. Then HF locn (H,x) 6= 0.
In Section 3.1.2 below, we generalize this statement to the case of isolated path-
connected sets of periodic orbits, and also to arbitrary quantum homology classes.
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3. Isolated connected sets of periodic points
3.1. Generalized perfect Hamiltonians. Recall that a HamiltonianH is called
perfect if it has a finite number of contractible periodic points of all periods. We
consider the more general condition where H has finitely many isolated path-
connected families of 1-periodic orbits, which in turn implies that Fix(φH) is
composed of finitely many isolated path-connected sets.
Definition 12. A Hamiltonian diffeomorphism φ ∈ Ham(M,ω) is generalized
perfect whenever the following conditions are met:
(i) Fix(φ) has finitely many isolated compact path-connected components.
(ii) There exists a sequence of integers ki →∞ such that Fix(φ
ki) = Fix(φ) for
all i.
(iii) For each isolated path-connected component F of Fix(φ), the mean index
∆(H(ki), x(ki)) where x ∈ F and x ∈ F is a constant function of x ∈ F . We
denote this constant by ∆(H(ki),F
(ki)
).
An isolated path-connected component F ⊂ Fix(φ) can be thought of as, and
indeed called in this paper, a generalized fixed point. In this section we slightly
generalize some of the theory discussed in Section 2 allowing us to treat generalized
perfect Hamiltonians. We observe that the third condition in Definition 12 is
non-vacuous: indeed, one can construct an example of a generalized fixed point
F where the mean-index is not a constant function of x ∈ F by means of the
Hamiltonian suspension construction [55, Section 3.1] applied to an appropriate
contractible Hamiltonian loop of S2. However, as stated in Theorem C, a p-
torsion Hamiltonian diffeomorphism is weakly non-degenerate generalized perfect:
in particular, the mean-index is constant on each generalized fixed point.
3.1.1. Lifts of generalized 1-periodic orbits. Let (M,ω) be a symplectic manifold
in one of the three classes we are considering and H a Hamiltonian function gen-
erating a generalized perfect Hamiltonian φH on M . Denote the path-connected
isolated sets of Fix(φH) by F1, . . . ,Fm. For each x ∈ Fj and every j there is a
corresponding contractible loop given by x(t) = φtH(x), thus to each isolated fixed
point set Fj we can associate a subset Fj of the space LptM of all contractible
loops in M . It is natural to ask whether the generalized orbits Fj lift to the
Γ-cover L˜ptM in a suitable manner, namely, if the preimage under the projec-
tion Pr : L˜ptM → LptM is composed of isolated path-connected “copies” of Fj .
We show that the lift exists and denote by F j a particular lift of Fj . This is
analogous to a capping of an orbit in the case of a usual Hamiltonian.
Consider the set F associated to F ∈ π0(Fix(φH)) and let i : F → LptM be the
natural inclusion map. Formally, we are asking when, given a loop x0 ∈ F and
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x0 ∈ Pr
−1({x0}), does a lift of i exists, namely, a unique map f : F → L˜ptM
such that f(x0) = x0 and Pr ◦ f = i. From the theory of covering spaces, the
existence of the lift is equivalent to i∗(π1(F , x0)) ⊂ Pr∗(π1(L˜ptM,x0)).
Proposition 13. Let (M,ω) be a symplectic manifold in one of the three classes
considered in this paper and φH a generalized perfect Hamiltonian diffeomorphism.
Then each generalized orbit F can be lifted to F in a unique manner specified by
a loop x0 ∈ F and an element in its fiber x0 ∈ Pr
−1(x0).
Proof. Let γ be a loop in F such that γ0 = x0. We show that we can find γ˜
such that i ◦ γ = Pr ◦ γ˜, which implies the claim of the theorem. We build γ˜ in
a natural way by defining the capping at γs to be given by gluing the “cylinder”
given by traversing the loop γ from 0 to s to the capping x0. To see that the
capped orbits γ˜0 and γ˜1 are equivalent in L˜ptM , we show that
(6)
∫
T2
γ∗ω = 0
for every loop γ in F . We can then guarantee the existence of a lift. Equation (6)
follows from the continuity of AH and the fact that Spec(H) has zero measure in
R. Indeed, AH(γ˜s) = AH(γ˜0) for every s, otherwise, the fact that γ˜s is a critical
point for each s would imply that AH(
⋃
0≤t≤s γ˜t) is a positive measure subset of
Spec(H). Finally AH(γ˜1) = AH(γ˜0) amounts to fulfilling the sufficient condition
given by equation (6). 
3.1.2. Generalized local Floer homology. In this section, we define a version of
local Floer homology for a generalized capped orbit F ⊂ L˜ptM of a 1-periodic
Hamiltonian H in a way closely related to what was done in [28, 44]. The dif-
ferences being that we are beyond the aspherical case and we are dealing with
path-connected components of Fix(φH) instead of isolated points. The proofs
of [44] used to define the local homology are valid in this case with nearly no
modifications. The main ingredients of the construction are as follows.
For each F ∈ π0(Fix(φH)), we can find an isolating neighbourhood UF of the
corresponding generalized 1-periodic orbit F in the extended phase-space S1×M .
That is
{(t, φtH(x)) | t ∈ [0, 1], x ∈ F} ⊂ UF
and UF is disjoint from UF ′ for any pair of distinct generalized fixed points F ,F
′.
Such an open set UF in the extended phase-space can be constructed, using the
isotopy φtH , from an open neighbourhood of F in M. Hence by a slight abuse of
notation we think of UF as a neighborhood of F in M.
Then there exists an ε > 0 small enough such that for any non-degenerate Hamil-
tonian perturbation H ′ satisfying ‖H − H ′‖C2 < ε the orbits which F splits
into O(H ′,F ) will be contained in UF and so will every (broken) Floer trajec-
tory connecting any such two orbits (see Lemma 19). We can now consider the
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complex CF∗(H
′,F ) over a ground field K generated by the capped 1-periodic
orbits O(H ′,F ) which F splits into, where the cappings are naturally produced
from the specific lift F . One can see that this complex will be graded by the
Conley-Zehnder index and will have a well defined differential. By a standard
continuation argument one can show that the homology of this complex is inde-
pendent of the non-degenerate perturbation (once it is close enough) and of the
choice of almost complex structure. We refer to the resulting homology as the
local Floer homology of H at F and denote it by HF loc∗ (H,F ). Set
∆min(H,F ) = min
x∈F
∆(H,x),
∆max(H,F ) = max
x∈F
∆(H,x)
for the minimimum and maximum of the mean-index ∆(H,x) for x ∈ F .
We claim that if F is a family of weakly non-degenerate orbits, the support of
HF loc∗ (H,F ) satisfies
(7) Supp(HF loc∗ (H,F )) ⊂
(
∆min(H,F )− n,∆max(H,F ) + n
)
.
In fact, with a simple argument following from the continuity of the mean-index
and inequality (2) one obtains that Supp(HF loc∗ (H,F )) satisfies the non strict
version of (7) without having to impose the weak non-degeneracy condition. In
order to obtain the strict inequalities we use the weakly non-degenerate assump-
tion and the compactness of F to argue as in [65]. In the situation where the
Hamiltonian is generalized perfect, we obtain the following.
Lemma 14. Suppose H is a generalized perfect Hamiltonian and let F be a
generalized capped orbit of H. Then HF loc∗ (H,F ) is supported in the open interval
(∆(H,F )− n,∆(H,F ) + n).
Furthermore, the notion of action carriers discussed in section 2.4 remains valid
in this generalized setting by altering isolated fixed points to generalized fixed
points in Definition 10. Thus, the spectral invariant c([M ],H) is carried by a
capped generalized periodic orbit F of H. In this case, we have the following
generalization of Lemma 11, whose proof, once Lemma 19 below is taken into
account, follows just as in [28].
Lemma 15. Suppose H has only a finite number of generalized fixed points
and let F be a carrier of the spectral invariant of the fundamental class. Then
HF locn (H,F ) 6= 0.
Remark 16. Let F ∈ π0(Fix(φ)) and F ⊂ LptM the associated generalized one-
periodic orbit. We remark that different choices of lifts F result in isomorphic
local Floer homology groups with a shift in index given by an integer multiple of
2N . In particular, if A ∈ Γ, then
HF loc∗ (H,F#A)
∼= HF loc∗+2〈c1(TM),A〉(H,F ),
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where, F#A denotes the unique choice of lift containing the capped orbit x#A,
for x ∈ F and x ∈ F . From this discussion, we conclude that dimKHF
loc
∗ (H,F )
does not depend on the capping of F , hence, the notation dimKHF
loc
∗ (H,F) is
justified in this case. Furthermore, when (M,ω) is symplectically Calabi-Yau the
local Floer homology does not depend on the choice of lift, thus we denote it by
HF loc∗ (H,F). This is analogous to the effect of recapping on local Floer homology
in the case of isolated fixed points.
We shall require a slightly more general statement regarding carriers of quantum
homology classes. The definition of a carrier F of a quantum homology class
αM ∈ QH(M) is the same as for the fundamental class, with [M ] replaced by
αM . We then have the following result.
Lemma 17. Let αM ∈ QHk(M) \ {0} be a homogeneous element of degree k.
Suppose H has only finitely many (contractible) generalized fixed points and let
F be a carrier of the spectral invariant of αM . Then HF
loc
k (H,F ) 6= 0.
In fact a stronger result is true, of which this statement is a direct consequence. It
was proven as [76, Theorem D] in the context of φ1H with isolated fixed points, but
its proof adapts essentially immediately to the context of a finite number of (con-
tractible) generalized fixed points, once Lemma 19 is established. We recall that
its proof relies on homological perturbation techniques, starting from the decom-
position of Section 3.1.4 and constitutes a Novikov-field version of the canonical
Λ0-complexes from [75]. Our case differs from the one in [76] by replacing fixed
points by generalized fixed points everywhere.
Theorem L. Let (M,ω) be a closed rational symplectic manifold. Consider the
class φ˜ ∈ H˜am(M,ω) of the Hamiltonian flow {φtH}t∈[0,1] of H ∈ H, with Fix(φ
1
H)
consisting of a finite number of generalized fixed points. For a ground field K,
there is a homotopy-canonical complex (C(H), dH ) over the Novikov field ΛK on
the action-completion of
⊕HF loc∗ (φ˜,F )
the sum running over all capped generalized one-periodic orbits F ∈ O˜(H), that is
free and graded over ΛK, and is strict, that is AH(dH(y)) < A(y) for all y ∈ C(H),
with respect to the non-Archimedean action-filtration AH on C(H) defined as
follows:
(8) AH(
∑
λjyj) = max{−ν(λj) +AH(yj)},
AH(yj) = AH(F i(j))
for a Λ-basis {yj} of C(H) determined by {yj | i(j) = i} being a basis of HF
loc
∗ (φ˜,F i),
where Fix(φ) = {Fi} and for each i, F i is a choice of a lift of the gener-
alized one-periodic orbit Fi corresponding to Fi to a capped generalized peri-
odic orbit in O˜(H). Furthermore the filtered homology HF (H)<a is given by
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HF (C(H)<a), C(H)<a = (AH)
−1 (−∞, a), for all a ∈ R \ Spec(H). In partic-
ular HF (H) = H(C(H), dH ) ∼= QH(M ; ΛK). Moreover, for all a ≤ b, a, b ∈
(R \ Spec(H)) ∪ {∞}, the comparison map HF (H)<a → HF (H)<b is induced by
the inclusion C(H)<a → C(H)<b.
Definition 18 (Visible spectrum). We define the visible spectrum of a Hamil-
tonian function H as
Specvis(H) = {AH(F ) |HF
loc
∗ (H,F ) 6= 0},
whereAH(F ) denotes the action of any capped orbit x ∈ F for a lift F associated
to a generalized fixed point F ⊂ Fix(φH). Indeed, an argument similar to the
proof of Proposition 13 shows that the restriction AH |F is constant. It is clear
that Specvis(H) ⊂ Spec(H). In the context of barcodes (see Section 3.1.5), the
visible spectrum corresponds to the endpoints of all bars of the barcode B(H)
associated to the filtered Floer homology of H.
3.1.3. Crossing Energy. We show that for a small perturbationH ′ of a generalized
perfect Hamiltonian H, every Floer trajectory u connecting orbits of H ′ contained
in distinct isolating neighbourhoods has energy bounded below by a constant
independent of the perturbation. This is an important technical step.
Lemma 19. There exist δ > 0 and ε > 0 such that for every non-degenerate
perturbation H ′ of H satisfying ‖H − H ′‖C2 < ε, every orbit in O(H
′,Fj) is
contained in UFj for j = 1, ..,m and every Floer trajectory u connecting capped
orbits in distinct isolating neighborhoods satisfies E(u) > δ.
Proof. Suppose there exists a sequence of non-degenerate Hamiltonians {H ′k} C
2-
convering to H and a sequence of Floer trajectories uk of H
′
k connecting orbits
in distinct isolating neighbourhoods such that E(uk) → 0. Since H has finitely
many generalized fixed points, we may suppose without loss of generality that all
the Floer trajectories uk connect orbits in UF to orbits in UF ′ , where F ,F
′ ∈
π0(Fix(φH)).
By a compactness result of [18] and arguing as in [44] we obtain the existence of
a Floer trajectory u of H connecting an orbit in UF to an orbit in UF ′ such that
E(u) = 0. Thus
∂u
∂s
= 0 and
∂u
∂t
= XHt
which in turn, implies that for each s, the loop us = u(s, .) is a 1-periodic orbit of
H. This contradicts the fact that the generalized fixed points of H are isolated.

3.1.4. Decomposition of Floer differential. An important feature related to local
Floer homology concerns the decomposition of the full differential defined on the
complex CF∗(H
′) in to the sum of local differentials of complexes CF∗(H,F j) –
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for all the different lifts of the finitely many critical sets – and in to an additional
component we shall call D. Note that here H ′ is a close enough non-degenerate
Hamiltonian in the aforementioned sense. We mean that for a chain σ ∈ CF∗(H
′)
we have
(9) ∂σ =
∑
∂˜jσ +Dσ
where, ∂˜j represents an extension of the local differential of the complex CF∗(H,F j)
obtained by setting ∂˜j x¯ = 0 for every capped orbit which does not belongO(H
′,Fj).
Loosely speaking, D only “counts” Floer trajectories connecting orbits contained
in disjoint isolating open sets UFj .
Remark 20. Suppose σ is a chain in the complex CF∗(H
′) and z¯ is an orbit
entering Dσ. Naturally, there exists 0 ≤ k ≤ m such that z¯ ∈ CF∗(H,F k) for a
particular lift of Fk and a Floer trajectory u connecting an orbit y¯ ∈ CF∗(H,F l)
to z¯ for l 6= k (and a particular lift of Fl). We then obtain
(10) AH′(z¯) = AH′(y¯)− E(u) < A
′
H(y¯)− δ
where the first equality comes from the fact that the energy of a Floer trajectory
connecting two capped orbits is equal to their action difference and the δ comes
from the uniform lower bound for the crossing energy from Lemma 19. In other
words
AH′(Dx) < AH′(x)
for all x 6= 0 in CF∗(H
′).
3.1.5. Barcodes of Hamiltonian diffeomorphisms. The proof of Theorem G uses
notions and results regarding barcodes of Hamiltonian diffeomorphisms, in the
case where they have a finite number of contractible generalized fixed points.
Hitherto, this theory was developed mostly for the case where the generalized
fixed points are in fact points, yet given Lemma 19, all relevant results generalize
to our situation. In the next section we describe the main Smith-type inequality
regarding the behavior of barcodes under iteration.
We summarize the properties necessary for us as follows, and refer to [36, 58, 59,
75, 78, 84] for further discussion of this notion, in the context of continuity in the
Hofer distance and the spectral distance in particular. For convenience, we work
in the setting of monotone symplectic manifolds, yet natural analogues of various
statements exist in the semi-positive, rational, and general settings.
Proposition 21. Let (M,ω) be a monotone symplectic manifold with Pω = ρ ·Z,
φ ∈ Ham(M,ω) with Fix(φ) consisting of a finite number of generalized fixed
points. Let K be a coefficient field. Let H be a Hamiltonian generating φ. Then
Spec(H) ⊂ R is a discrete subset, and there exists a countable collection
B(H) = B(H;K) = {(Ii,mi)}i∈I
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of intervals Ii in R of the form Ii = (ai, bi] or Ii = (ai,∞), called bars with
multiplicities mi ∈ Z>0 such that the following properties hold:
(i) The group ρ · Z acts on B(H) in the sense that for all k ∈ Z and all
(I,m) ∈ B we have (I + ρk,m) ∈ B.
(ii) For each window J = (a, b) in R, with a, b /∈ Spec(H), only a finite number
of intervals I with (I,m) ∈ B have endpoints in J. Furthermore,
dimKHF (H)
J =
∑
(I,m)∈B(H), #∂I∩J=1
m,
where for an interval I = (a, b], ∂I = {a, b}, and for I = (a,∞), ∂I = {a}.
(iii) In particular for a ∈ Spec(H), and ǫ > 0 sufficiently small, so that we
have (a− ǫ, a+ ǫ) ∩ Spec(H) = {a},
dimKHF (H)
(a−ǫ,a+ǫ) =
∑
(I,m)∈B(H), a∈∂I
m,
dimKHF (H)
(a−ǫ,a+ǫ) =
∑
A(F )=a
dimKHF
loc(H,F ).
(iv) There are K(φ,K) orbits of finite bars counted with multiplicity, and B(K)
orbits of infinite bars counted with multiplicity, under the ρ · Z action on
B(H). These numbers satisfy:
B(K) = dimKH∗(M ;K)
and
N(φ,K) = 2K(φ,K) +B(K),
where
N(φ,K) =
∑
dimKHF
loc(φ,F)
is the homological count of the fixed points of φ, the sum running
over all the set π0(Fix(φ)) of its generalized fixed points.
(v) There are K(φ,K) bar-lengths corresponding to the finite orbits,
0 < β1(φ,K) ≤ . . . ≤ βK(φ,K)(φ,K),
which depend only on φ. We call
β(φ,K) = βK(φ,K)(φ,K)
the boundary-depth of φ, and
βtot(φ,K) =
∑
1≤j≤K(φ,K)
βj(φ,K)
its total bar-length.
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(vi) Each spectral invariant c(α,H) ∈ Spec(H) for α ∈ QH∗(M) \ {0} is a
starting point of an infinite bar in B(H), and each such starting point is
given by a spectral invariant2.
(vii) If H ′ is another Hamiltonian generating φ, then B(H ′) = B(H)[c], for a
certain constant c ∈ R, where B(H)[c] = {(Ii − c,mi)}i∈I .
(viii) If K is a field extension of F, and H is a Hamiltonian, then B(H;K) =
B(H;F). In particular B(H;K) = B(H;Fp) if char(K) = p, and B(H;K) =
B(H;Q) if char(K) = 0.
3.1.6. Smith theory in filtered Floer homology. One of the main fundamental re-
sults of [75] is the following Smith-type inequality, that readily adapts to our
setting by Lemma 19 and its generalization to the situation of branched covers of
the cylinder as in [79, Proposition 9]. We refer to [75, Theorem D] for a detailed
argument in the case of isolated fixed points, and observe that our generaliza-
tion below is formulated in such a way that the same proof applies verbatim, by
replacing fixed points by generalized fixed points everywhere.
Theorem M. Let (M,ω) be a monotone symplectic manifold, p a prime number,
and φ ∈ Ham(M,ω) with Fix(φ), Fix(φp) each consisting of a finite number of
generalized fixed points, and such that the natural inclusion Fix(φ) → Fix(φp)
restricts to a homeomorphism from each generalized fixed point F of φ to a gen-
eralized fixed point of φp, which we denote F (p). Then
βtot(φ
p,Fp) ≥ p · βtot(φ,Fp).
This inequality will be the key component in the proof of Theorem G.
A somewhat simpler statement than Theorem M, is the Smith inequality in gen-
eralized local Floer homology, whose proof is precisely as in [79] together with the
crossing energy argument of Lemma 19.
Proposition 22. Let (M,ω) be a closed symplectic manifold, p a prime number,
and φ ∈ Ham(M,ω). Suppose that Fix(φ), Fix(φp) each consist of a finite number
of generalized fixed points. Let F be a generalized fixed point of φ, such that the
natural inclusion Fix(φ) → Fix(φp) restricted to F is a homeomorphism onto
F (p). Then
dimFp HF
loc(φ,F) ≤ dimFp HF
loc(φp,F (p)).
2In fact, representatives for the set of orbits of infinite bars counting with multiplicity, can
be obtained as spectral invariants of an orthogonal basis of QH∗(M) over the Novikov field ΛK,
with respect to the non-Archimedean filtration lH(−) = c(−,H). As we shall not require this
stronger statement, we refer to [75, 78] for a discussion of the relevant notions.
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3.1.7. Quantum Steenrod operations. Quantum Steenrod operations are remark-
able algebraic maps
QStp : QH
∗(M ;Fp)→ QH
∗(M ;Fp)[[u]]〈θ〉,
for p a prime number, u a formal variable of degree 2, and θ a formal variable
of degree 1. As is the usual quantum product, QStp are essentially defined by
certain counts of configurations consisting of holomorphic curves in M incident
with negative gradient trajectories of Morse functions inM. The main difference, is
that QStp uses p inputs and 1 output trajectories, and the counts are carried out in
families parametrized by the classifying space B(Z/pZ) of Z/pZ. The investigation
of the enumerative significance of these counts, in terms of various Gromov-Witten
invariants, and its implications for Mirror Symmetry was started in [68] and [74].
These opertations were first proposed by Fukaya [24], and were formally intro-
duced for p = 2 by Wilkins in [87]. They were then studied in [88] in relation to
the equivariant pair-of-pants product of Seidel [72]. For a definition for p > 2 odd,
see [68] and [73]. The significance of quantum Steenrod operations in Hamilton-
ian dynamics was first observed in [76], and was further investigated in [12],[77],
and [73]. While for the moment, these operations are defined in the setting of
monotone symplectic manifolds, it is expected that they will be generalized to the
semi-positive (also called weakly monotone) setting.
One particular property of quantum Steenrod operations that we use in this paper,
which was first observed in [76] for p = 2, and proved in [73] for p > 2, is that
whenever
(11) QStp(µ) 6= u
(p−1)nµ,
where µ ∈ H2n(M ;Fp) is the cohomology class Poincare´ dual to the point class,
the symplectic manifold (M,ω) is geometrically uniruled: for each ω-compatible
almost complex structure J on M, and each point x ∈ M, there exists a J-
holomorphic sphere u : CP 1 →M, such that x ∈ im(u). Hence, we call a (mono-
tone) symplectic manifold Fp Steenrod uniruled if condition (11) holds. The al-
gebraic significance of this condition is that u(p−1)nµ = Stp(µ), where Stp is (a
slightly reformulated) total Steenrod p-th power of the class µ, and in general
QStp = Stp +O(q),
where O(q) is a collection of terms involving q to power at least 1. These terms cor-
respond to configurations involving J-holomorphic spheres of positive symplectic
area, hence condition (11) means that the quantum Steenrod power of the point
cohomology class is deformed by holomorphic spheres.
3.2. Floer cohomology. At times it shall be convenient to work with Floer
cohomology and quantum cohomology of closed symplectic manifolds, instead of
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homology. All the preliminary results above adapt naturally to this setting. In
fact, we may define
CF ∗(H,J) = CFn−∗(H,J)
whereH(t, x) = −H(1−t, x), J t(x) = J1−t(x). The usual action functional AH on
the left hand side, takes the form (−AH) on the right hand side. Note that hereby
the cohomological differential increases the filtration, the triangle inequality for
spectral invariants has the opposite inequality, and infinite bars in the barcode
are of the form (−∞, b). Local Floer cohomology is defined in the same way as
for homology. Action carriers, and contribution to local Floer cohomology hold
similarly: c(µ,H) for µ ∈ QH2n(M) is carried by a capped generalized periodic
orbit F of H, if in the same sense as for homology, F is a lowest action term
in a highest minimal action representative of the image PSSH(µ) of µ under the
PSS isomorphism [54] from the quantum cohomology QH∗(M)→ HF ∗(H) to the
filtered Floer cohomology of the Hamiltonian H. For (M,ω) rational, in particular
monotone, each non-zero class µ ∈ QH∗(M), and H ∈ H with #π0Fix(φ
1
H) <∞,
c(µ,H) is carried by at least one generalized capped 1-periodic orbit F of H.
Furthermore, if µ is a homogeneous class of degree k, and F carries c(µ,H), then
HF kloc(H,F ) 6= 0.
We refer to [38] for further discussion of the comparison between Floer homology
and Floer cohomology.
4. Cluster structure of the essential spectrum
Definition 23 (Essential spectrum). We define the essential spectrum of a Hamil-
tonian function H as
Specess(H) = { c(α,H) |α ∈ QH(M) \ {0} }.
Observe that spectraility property of the spectral invariants is equivalent to the
inclusion Specess(H) ⊂ Spec(H). In fact, Lemma 17 implies that Specess(H) ⊂
Specvis(H) for Hamiltonian diffeomorphisms with a finite number of (contractible)
generalized fixed points. In the context of barcodes (see Section 3.1.5), the essen-
tial spectrum corresponds to the endpoints of infinite bars of the barcode B(H)
associated to the filtered Floer homology of H.
In what follows, we show that whenever γ(H) < ρ, the essential spectrum has
a cluster structure determined by the subset produced by quantum homology
classes of valuation 0.
Proposition 24. Suppose M is a monotone symplectic manifold and H a Hamil-
tonian function on M . Then,
0 ≤ c([M ], φ˜H )− c(α, φ˜H ) ≤ γ(H)
for all α ∈ QH(M) such that ν(α) = 0, including all α ∈ H∗(M) ⊂ QH(M).
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Proof. By the triangle-inequality and the value at identity properties of the spec-
tral invariant
c(α, φ˜H ) = c(α ∗ [M ], i˜d φ˜H) ≤ c(α, i˜d) + c([M ], φ˜H ) = c([M ], φ˜H )
for all α ∈ QH(M) such that ν(α) = 0. In addition,
0 = c(α, i˜d) = c(α ∗ [M ], φ˜H φ˜H) ≤ c(α, φ˜H ) + c([M ], φ˜H ).
Combining both inequalities we obtain
0 ≤ c([M ], φ˜H )− c(α, φ˜H ) ≤ c([M ], φ˜H ) + c([M ], φ˜H ) = γ(H),
which concludes the proof of the proposition. 
Proposition 25. Suppose M is a monotone symplectic manifold with rationality
constant ρ, H a Hamiltonian function on M with γ(H) < ρ and α ∈ QH(M).
Then,
c([M ], φ˜H )− ρ < c(α, φ˜H ) ≤ c([M ], φ˜H )
if, and only if, ν(α) = 0.
Proof. If ν(α) = 0, then Proposition 24 and the hypothesis that γ(H) < ρ imply
that
c([M ], φ˜H )− ρ < c(α, φ˜H ) ≤ c([M ], φ˜H ).
Conversely, let x1, . . . , xB be a homogeneous basis of H∗(M) ⊂ QH(M) and
denote c = c([M ], φ˜H ). Then, by Proposition 24, we have c(xk, φ˜H) ∈ (c−ρ, c] for
all 1 ≤ k ≤ B. Also, for qj ∈ Λ the equality c(xkq
j , φ˜H) = c(xk, φ˜H) + jρ implies
that c(xkq
j , φ˜H) /∈ (c− ρ, c] for all j 6= 0. Thus, if c(α, φ˜H ) ∈ (c− ρ, c] for
α = λxk =
∑
ajq
jxk,
where λ ∈ Λ, the non-Archimedean property of the spectral invariant imposes
that
α = a0xk +
∑
j<0
ajq
jxk,
which in turn implies ν(α) = 0. In general, α ∈ QH(M) is of the form
∑
λkxk,
where λk =
∑
a
(k)
j q
j. Consequently, if c(α, φ˜H ) ∈ (c − ρ, c], we may argue as
before to conclude
(12) α =
∑
k
(
a
(k)
0 xk +
∑
j<0
a
(k)
j q
jxk
)
.
Thus, ν(α) = 0, which concludes the proof of the claim. 
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Remark 26. We would like to point out that the above propositions are valid,
albeit with minor modifications to the proofs, in the more general case where M
is only assumed to be rational. If M is negative monotone, then the base field K
is required to be of characteristic zero (see Remark 8).
Let φ ∈ Ham(M,ω) and suppose γ(φ) < ρ. We can, therefore, find a Hamiltonian
function H generating φ such that γ(H) < ρ. Our goal is to extract information
from the cluster structure of H in order to bound γ(φ) from below. First we set
notation. Put S1ρ = R/ρ · Z and, for a ∈ R, let [a] ∈ S
1
ρ be its equivalence class.
For θ ∈ S1ρ, define
Γθ = {(a− ρ, a] | a ∈ R, [a] = θ}.
Note that the intervals in Γθ are disjoint and their union covers the real line. In
addition, observe that, modulo ρ · Z, the set Specess(H) ∩ I does not depend on
the interval I ∈ Γθ.
Definition 27 (Spectral length). We define the θ-parsed spectral length of H as
l(H,Γθ) = diam(Spec
ess(H) ∩ I) = sup{|a− b| | a, b ∈ Specess(H) ∩ I },
where I ∈ Γθ is arbitrary. For ΓH = Γ[c([M ],H)] we call l(H,ΓH) the fundamental
length of H. Finally, we define the spectral length of φ ∈ Ham(M,ω) as
(13) l(φ) = inf{ l(H,Γθ) | θ ∈ S
1
ρ},
where H is any Hamiltonian function generating φ. Note that the right-hand-
side of (13) does not depend on the choice of Hamiltonian. Indeed, if H ′ is
another Hamiltonian generating φ, then by Proposition 21 (vii) Specess(H ′) =
Specess(H) + c for c ∈ R. (Another proof using Seidel elements is also possible.)
Remark 28. We can also define an a priori larger invariant l′(φ) ≥ l(φ) of φ by
l′(φ) = infφ1
H
=φ l(H,ΓH). However, we find l(φ) more convenient for this paper.
Lemma 29. The fundamental length of a Hamiltonian H satisfies
l(H,ΓH) ≤ γ(H).
If, in addition, γ(H) < ρ, then we have equality:
l(H,ΓH) = γ(H).
Proof. Note that by definition the θ-parsed spectral length of H is bounded above
by ρ for any choice of θ, in particular, l(H,ΓH) ≤ ρ. Thus, we need only to
consider the case where γ(H) < ρ. Equation (12) in the proof of Proposition 25
implies that #{Specess(H) ∩ I} < ∞ for I ∈ ΓH and hence for I ∈ Γθ for any
θ ∈ S1ρ. Thus by Proposition 25 the fundamental length of H is given by
l(H,ΓH) = c([M ],H) − c(αmin,H ,H),
where, αmin,H ∈ QH(M) has zero valuation. Consequently, Proposition 24 implies
that l(H,ΓH) ≤ γ(H). To prove equality, we observe that by the Poincare´ duality
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property of spectral invariants (see [16, 53]) and the fact that the set Specess(H)∩I
is finite, there exists β ∈ QH(M)\{0} such that c(β,H) = −c([M ],H). By adding
γ(H) to both sides of the equality we obtain c(β,H) + γ(H) = c([M ],H), which
implies
c([M ],H) − ρ < c(β,H) ≤ c([M ],H).
Therefore, γ(H) ≤ l(H,ΓH), which gives us the claimed equality. 
Lemma 30. Let φ be a Hamiltonian diffeomorphism. Then, l(φ) ≤ γ(φ).
Proof. Let H be any Hamiltonian function that generates φ. Observe that by
definition l(H,Γθ) < ρ for every θ ∈ S
1
ρ, in particular, we have l(φ) < ρ. Therefore,
we may suppose γ(φ) < ρ, in which case, we may take H such that γ(H) < ρ.
Consequently, Lemma 29 implies that l(H,ΓH) = γ(H), in particular we have
that l(φ) ≤ γ(H). If H ′ is any other Hamiltonian function generating φ, with
γ(H ′) ≤ γ(H), the same argument implies l(φ) ≤ γ(H ′). Thus, we conclude that
l(φ) ≤ γ(φ). 
Lemma 31. Let φ be a generalized Hamiltonian K pseudo-rotation with sequence
kj = j and take a Hamiltonian H generating φ. Suppose that all the distances
between pairs of points in Specess(H) are rational multiples of ρ. Then, there exists
a positive integer m such that γ(φm) ≥ ρ.
Proof. Fix the base coefficient field K for all homological notions in the proof.
We can suppose γ(φ) < ρ, otherwise the implication of the theorem would be
true for m = 1. Furthermore, we note that the hypothesis of the theorem is
independent of the choice of Hamiltonian function, thus, we may suppose that
γ(H) < ρ, which by Lemma 29, implies l(H,ΓH) = γ(H). Hence, we have a
cluster structure determined by finitely many values of the essential spectrum of
H belonging to the interval
IH = (c([M ],H) − ρ , c([M ],H) ].
Thus, setting
Specess(H) ∩ IH = {c1, . . . , cB},
by the hypothesis of the proposition, we have
ci − cj =
aij
bij
ρ ∈ ρ ·Q ∩ [0, ρ)
for all i 6= j. Note that any pair of points α, β ∈ Specess(H) are of the form
α = ci + kρ and β = cj + lρ for integers l and k. Thus their difference is of the
form
(14) α− β = (aij/bij + (k − l))ρ.
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Now, let m be the integer given by
∏
i<j bij. The facts that Fix(φ
m) = Fix(φ),
Specess(H) = Specvis(H), and HF loc(φkj ,F (kj)) 6= 0 for all generalized fixed
points F of φ imply
(15) Specess(H(m)) = m · Specess(H) + ρ · Z.
As a consequence of equations (14) and (15), and the definition of m we have that
Specess(H(m)) = ρ · Z + c, for a suitable constant c ∈ R. Hence, l(F,Γθ) = 0 for
any Hamiltonian F generating φm and θ ∈ S1ρ. If γ(F ) < ρ, then by Lemma 29
γ(F ) = l(F,ΓF ) = 0, which is absurd since this would imply φ
m = id. Hence
γ(φm) ≥ ρ. 
5. Hamiltonian torsion
5.1. Proof of Theorem C. Let (M,ω) be a closed symplectic manifold and
consider a non-trivial φ ∈ Ham(M,ω) such that φp = id, where p is prime. We
can construct a Riemannian metric 〈·, ·〉 invariant under the action of
G = {id, φ, . . . , φp−1},
a fact that is true for any compact Lie group G. In other words, φ is an isometry
with respect to this metric. We first show that Fix(φ) is composed of finitely
many isolated path-connected components.
Let x ∈ F ⊂ Fix(φ), where F is the path-connected component of x. We claim
that there exists a neighbourhood of x which does not intersect any other con-
nected component of Fix(φ). Suppose the contrary: then x would be a limit point
of Fix(φ) \ F . In particular if Bǫ(x) is a normal ball of radius ǫ around x, then
there exists a point y ∈ Bǫ(x)
⋂
(Fix(φ) \ F) and we can consider the unique
minimizing geodesic γ, given by the exponential map, satisfying γ(0) = x and
γ(1) = y. However, φ is an isometry so we have that γ˜ = φ ◦ γ is also a minimiz-
ing geodesic satisfying γ˜(0) = x and γ˜(1) = y, hence by uniqueness we must have
Image(γ) ⊂ Fix(F) contradicting the fact that y was in a distinct path-connected
component. Since F is compact we can choose the radius ǫ of the normal ball
uniformly so that F is in fact isolated, which by the compactness of M implies
that there are only finitely many path-connected components.
Furthermore, if k is not divisible by p then we have Fix(φk) = Fix(φ). In fact, since
p and k are relatively prime there exist integers ak, bk such that akk + bkp = 1.
Thus,
φ = φakk+bkp = φakkφbkp = φakk.
So if x is a fixed point of φk then the above equality shows that x is also a fixed
point of φ. Conversely, if x is a fixed point of φ it is clearly a fixed point for any of
its iterations. Finally, the same argument shows that if x is contractible as a fixed
point of φk it is also contractible as a fixed point of φ, and vice versa. Therefore
Fix(φk) = Fix(φ).
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To show that φ is weakly non-degenerate we utilize the fact if M is connected and
f ∈ Iso(M, 〈·, ·〉) is such that f(p) = p and D(f)p = idTpM for a point p ∈ M,
then f = idM . This can be proven by considering the non-empty closed set
S = {q ∈M | f(q) = q, D(f)q = idTqM},
and noting that the existence of normal balls implies that S is also open. Applied
to our context, we must then show that for every x ∈ Fix(φ), D(φ)x must have
at least one eigenvalue different from 1, otherwise φ would have to be trivial.
One way to see this is by noting that as D(φ)x ∈ Sp2n(TxM) is an element of
finite order, its Jordan form is diagonal, hence it is trivial if and only if all its
eigenvalues are equal to 1.
A slight modification of the above arguments, which amounts to the Slice theorem
(see [2, Theorem I.2.1]) shows first that each path-connected component F of the
fixed point set of φ is a closed connected submanifold of M. Moreover, for each
F and x ∈ F , ker(D(φ)x − idTxM ) = TxF , which is to say that the graph of φ
intersects the diagonal ∆ ⊂M ×M− cleanly. In other words, φ is a Floer-Morse-
Bott Hamiltonian diffeomorphism.
Finally, to prove that for a generalized fixed point F of φ, and capping F of its
corresponding generalized periodic orbit F , the mean index ∆(H,x) is constant
as a function of x ∈ F , we argue as follows. We shall prove that for a fixed x0 ∈ F ,
the function f : F → R, given by f(x) = ∆(H,x)−∆(H,x0) has integer values.
By continuity of the mean-index this implies that f is identically constant, and
as f(x0) = 0, it is identically zero. This shows the required statement.
First we prove that f has integer values. Similarly to the case of a Riemannian
metric, by [43, Proposition 2.5.6] we can find an ω-compatible almost complex
structure J on M that is preserved by φ. This allows us to consider D(φ)x ∈
Sp2n(TxM) for all x ∈ F a unitary matrix, which has diagonal Jordan form, and
is determined up to conjugation by its spectrum with geometric multiplicities.
Furthermore its spectrum lies in the finite set µp ⊂ C of p-th roots of unity.
Therefore by continuity of the spectrum in the operator norm, which holds for
normal and hence for unitary matrices in particular, this implies that in fact the
spectrum of D(φ)x does not depend on x ∈ F , and that all D(φ)x for x ∈ F
are conjugate by appropriate unitary isomorphisms. Therefore D(φ)x and D(φ)x0
can be connected to the identity by conjugate paths, which therefore have equal
mean-indices. Now, as the paths obtained from D(φtH)x, D(φ
t
H)x0 by means
of the cappings differ from these conjugate paths by suitable loops Φ, Φ0 in the
symplectic group, we obtain that f(x) = ∆(H,x)−∆(H,x0) = ∆(Φ)−∆(Φ0) ∈ Z.
Finally, observe that D(φ)x being (ωx, Jx)-unitary, TxF is Jx-invariant, and the
tangent space TxM splits as a symplectic direct sum TxF ⊕Nx, where Nx is the
normal bundle to F at x (in fact this splitting can be obtained by taking Nx to be
the Hermitian orthogonal complement of TxF). In particular, F is a symplectic
submanifold of (M,ω).
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Hence, the above discussion shows that φ is generalized perfect with sequence kj
being the monotone-increasing ordering of any infinite subset of {k 6= 0 (mod p)}.

Remark 32. We have just seen that a p-torsion Hamiltonian diffeomorphism φ
is weakly non-degenerate and generalized perfect. In our setting it is enough
to consider the case φ has prime order. In fact, if φ has order d ≥ 2 and p
is a prime that divides d, i.e. there is an integer m such that d = pm, we
consider the Hamiltonian diffeomorphism ψ = φm which, in turn, has prime
order. Equivalently, by Cauchy’s theorem, if G is a finite group then for every
prime p dividing its order there exists an element of order p.
5.2. Proof of Proposition 4. We first observe that by the universal coefficients
formula, it is sufficient to prove the statement for R = Z.
Now from [66, Chapter 9, and Proof of Theorem 2.3.2] and the translation [3,
Theorem 5.2.2], by means of the graph construction, of [60, Theorem 3.4.11] from
the setting of Lagrangian clean intersections to the Floer-Morse-Bott Hamiltonian
setting, it is direct to see that there is an isomorphism
HF loc(φ,F) ∼= H(F ;O ×±1 Z)
of the local homology and the homology of F with coefficients in a Z-local system
O ×±1 Z, with structure group {±1} ∼= Z/2Z, associated to a double cover O of
F that we describe below. It is the goal of the proof to show that in our case this
local system is trivial.
The local system O is defined as follows. For x, y ∈ F , consider the space Px,y(F)
of smooth maps γ : R → F , lim
s→−∞
γ(s) = x, lim
s→∞
γ(s) = y for which the conver-
gence is exponential with derivatives. Let uγ : R × S
1 → M denote the cylinder
uγ(s, t) = φ
t
H(γ(s)). Look at the bundle Eγ → R × S
1 given by Eγ = (uγ)
∗TM.
Now for a sufficiently small positive number ǫ > 0 depending only on H and F
consider real Cauchy-Riemann differential operators
Dγ :W
1,p,ǫ(Eγ)→ L
p,ǫ(Eγ)
between Sobolev spaces of sections of Eγ with ǫ-exponential decay as |s| → ∞,
that over (−∞,−C) and (C,∞), for a large C > 0, coincide with real Cauchy-
Riemann operators determined by a choice of an ω-compatible almost complex
structure {Jt} ∈ JM and connections whose parallel transport over the curve
{(s, t)}t∈[0,1] (with s fixed) is determined by the linearization of φ
t
H at γ(s). For
ǫ > 0 sufficiently small, all these operators are Fredholm. Moreover, the auxil-
iary data of connections and complex structures forming a contractible space, all
these operators are furthermore homotopic to each other in the space of Fred-
holm operators. It is shown in [66] and [25, Chapter 8] that for γ, γ′ ∈ Px,y(F)
the orientation torsors |Dγ |, |Dγ′ | of the determinant spaces det(Dγ), det(Dγ′)
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are canonically isomorphic3. We can therefore fix x ∈ F , and set our local system
O → F to be induced from the sets |Dγ | for γ ∈ Px,y(F) for y ∈ F with the
natural identifications provided by this isomorphism.
Now we prove that O is trivial in our case. Suppose γ ∈ Px,y(F). It is sufficient to
show that det(Dγ) is canonically oriented. Now, as in the proof of Theorem C, in
our case there exists an ω-compatible almost complex structure J on M invariant
under φ. In particularD(φ)x : TxM → TxM is (Jx, ωx)-unitary for all x ∈ F . This,
together with the fact that the universal cover S˜p(2n,R) deformation-retracts to
the universal cover U˜(n) of its unitary subgroup, implies that Dγ is homotopic
in the space of Fredholm operators, canonically up to a contractible choice of
auxiliary data, to a real Cauchy-Riemann operator D : W 1,p,ǫ(Eγ) → Lp,ǫ(Eγ)
corresponding to a J-unitary connection. (In fact we apply a homotopy depending
smoothly on x0 ∈ F , and from the symplectic connections on x
∗(TM) → S1
for x(t) = φtH(x0), given by the linearlized flow of φ
t
H to unitary connections,
while at all times preserving their monodromies D(φ1H)x0 over S
1 for all x0 ∈
F .) But such operators are in fact complex Cauchy-Riemann operators, their
kernels and cokernels are complex vector spaces, and hence their determinants are
canonically oriented. Hence |D| and |Dγ | admit canonical elements o, oγ . By a
similar argument, following the definition of the isomorphisms ψγ,γ′ : |Dγ |
∼
−→ |Dγ′ |
from [66] and [25, Chapter 8], the key point being that orientation gluing is
natural with respect to homotopies [66, Lemma 9.4.1], we see that ψγ,γ′(oγ) = oγ′ .
Therefore O admits a continuous section, and is hence trivial. This finishes the
proof. 
5.3. Proof of Theorem I. Consider φ ∈ Ham(M,ω) \ {id} such that φd = id
and let H be a Hamiltonian function generating φ. Then γ(H) > 0 by the
non-degeneracy of the spectral norm. Since φ has finite order d we have that
{φt
H(d)
}t∈[0,1] is a Hamiltonian loop, which, in addition to the fact that M has
rationality constant ρ > 0, implies that Spec(H(d)) = a+ ρ ·Z for a real constant
a. One can show by a quick calculation that Spec(H
(d)
) = −a+ ρ · Z.
Furthermore, observe that Spec(H) ⊂ Spec(H(d))/d. In fact, if c ∈ Spec(H)
then there exists a 1-periodic capped orbit x ∈ O˜(H) such that AH(x) = c.
Consequently, AH(d)(x
(d)) = d · AH(x) = d · c, which implies the claim when
added to the fact that xd is a critical point of AH(d) .
Finally, the above observations imply that γ(H) ∈ (ρ/d)·Z. In particular, the fact
that it is positive implies that γ(H) ≥ ρ/d. Since H was an arbitrary Hamiltonian
generating φ it is clear that γ(φ) ≥ ρ/d. 
3Recall that the determinant line of a Fredholm operator D is the real vector space of di-
mension 1 defined as det(D) = det(coker(D))∨⊗det(ker(D)), where for a real finite-dimensional
vector space V of dimension d, det(V ) = Λd(V ), and for a real vector space l of dimension 1 its
orientation torsor over the group ±1 is |l| = (l \ {0})/(R>0).
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5.4. Proof of Theorem A. Similarly to the case of Theorem I, φd = id implies
in the symplectically aspherical setting that for a Hamiltonian H generating φ, we
have Spec(H(d)) = {a}, and Spec(H
(d)
) = {−a}, for a constant a ∈ R, and hence
Spec(H) ⊂ Spec(H(d))/d = {a/d} consists of at most one point. Since Spec(H)
contains c([M ],H), we obtain that c([M ],H) = a/d. Similarly, c([M ],H) = −a/d.
This means that γ(H) = 0 and hence γ(φ) = 0, which implies by non-degeneracy
of γ that φ = id . This finishes the proof. 
5.5. Proof of Theorem J. Consider φ ∈ Ham(M,ω)\{id} such that φp = id for
a prime number p. Fix a coefficient field K. We show that there exists a positive
integer m, such that
(16) γ(φm) ≥
⌊p2⌋
p
· ρ,
where ⌊p2⌋ denotes the floor of p/2. We may suppose p ≥ 3, since the case p = 2
is settled by Theorem I for m = 1. In this case, note that ⌊p2⌋ =
p−1
2 . Supposing
that γ(φ) < ρ(p − 1)/2p, we can find a Hamiltonian H generating φ satisfying
γ(H) < ρ(p − 1)/2p. In the proof of Theorem I we saw that γ(H) must be a
positive integer multiple of ρ/p. Therefore, by Lemma 29 we can find a positive
integer r ≤ (p − 3)/2, such that
(17) l(H,ΓH) = γ(H) =
rρ
p
.
In particular, we have that 2r < p, which in addition to the fact that p > 2,
implies that there exist integers a, b such that a(2r) + bp = 1. Observe that b
must be an odd integer since a(2r) is even while p and 1 are odd. Let k be the
integer such that −b = 2k + 1. Furthermore, note a 6= 0, and set m = |a|. There
are two cases to be considered depending on the sign of the integer a.
If a > 0 we have that m(2r)− (2k + 1)p = 1, which implies
(18)
mr
p
−
p+ 1
2p
= k,
where (p + 1)/2 = ⌈p/2⌉. Furthermore, since m and p are coprime, Theorem G
implies that
(19) Specess(H(m)) = m · Specess(H) + ρZ.
Combining (17), (18) and (19) we obtain that there exist c0, c1 ∈ Spec
ess(H) such
that
mc1 −mc0 =
mrρ
p
=
(p+ 1)ρ
2p
+ kρ.
In addition, mc1 + jρ and mc0 + jρ belong to the essential spectrum of H
(m) for
every integer j. We conclude that for each θ ∈ S1ρ and I ∈ Γθ, there exists an
integer l such that either
mc1 + lρ,mc0 + (k + l)ρ ∈ I,
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or
mc1 + lρ,mc0 + (k + (l + 1))ρ ∈ I.
Consequently,
l(H(m),Γθ) ≥ min{mc1 −mc0 − kρ, mc0 −mc1 + (k + 1)ρ}
= min
{
(p + 1)ρ
2p
,
(p− 1)ρ
2p
}
=
(p− 1)ρ
2p
.
Since, θ was arbitrary we conclude
(20) l(φm) ≥
⌊p2⌋
p
· ρ.
When a < 0, an analogous argument can be made to show that once again (20)
is obtained. Hence, by Lemma 30 we obtain inequality (16). 
5.6. Proof of Theorem K. Consider a generalized pseudo-rotation φ as in
Lemma 31. As consequence of this lemma, we may suppose that there exist
c1, c2 ∈ Spec
ess(H) such that c1 − c2 ∈ ρ · (R \Q), otherwise γ(φ
m) ≥ ρ for some
positive integer m. Since the orbit of any irrational rotation in S1 is dense, for
every ǫ > 0 there exists an integer mǫ such that
ρ
2
− ǫ < dS1ρ ([c1], [mǫ · c2]) ≤
ρ
2
,
where for x ∈ R, we denote by [x] ∈ S1ρ = R/ρZ its equivalence class, and dS1ρ is
the distance function on S1ρ coming from the standard flat metric on R. Therefore,
arguing as in the proof of Theorem J we conclude
sup
k∈Z>0
γ(φk) ≥
ρ
2
.

6. Proofs of no-torsion theorems
The proofs of Theorems D and H rely on the following observations regarding
the mean-index. First, let φ˜ be a lift of φ to the universal cover H˜am(M,ω)
of Ham(M,ω). As our path-connected isolated fixed point sets are weakly non-
degenerate, if the capping F of the generalized 1-periodic orbit F corresponding
to an isolated fixed point set F ⊂ Fix(φ) carries a cohomology class µ of Conley-
Zehnder index n in HFn(φ˜) ∼= QH2n(M,ΛK), for a coefficient field K, then its
mean-index ∆ = ∆(φ˜,F ) satisfies ∆− n < n < ∆+ n. Hence
(21) ∆(φ˜,F ) ∈ (0, 2n).
Similarly, if F carries a homology class u ∈ HFn(φ˜) ∼= QH2n(M,ΛK), then
(21) holds. Both of these implications follow from Lemma 17, Equation (7),
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and Section 3.2. We will specifically use the case u = [M ], which follows from
Lemma 15.
6.1. Proof of Theorem D. We first treat the negative monotone case. Choose
H ∈ H, such that the path {φtH}t∈[0,1] represents the class φ˜ lifting φ. Let ki
be the sequence associated to φ as a generalized perfect diffeomorphism. By the
pigeonhole principle, there exists an isolated fixed point set F ⊂ Fix(φ), and
an increasing subsequence of ki that we renumber and denote by ri, such that
c([M ],H(ri)) is carried by a capping G i of the isolated set of 1-periodic orbits of
the ri-iterated Hamiltonian H
(ri) corresponding to F (ri). Set G = G 1. If r1 divides
all ri, by taking a power of φ, we can assume that r1 = 1. We proceed with the
proof in this case, and then explain how to modify it in the general case.
Write G i as a recapped iteration of G , that is
(22) G i = G
(ri)#Ai.
We claim that for ri large, ω(Ai) ≥ 0, and c1(Ai) > 0 contradicting negative
monotonicity. Indeed, write Ai for the action functional of H
(ri), and A := A1.
Then by (22) and the triangle inequality for spectral invariants,
(23) riA(G )− ω(Ai) = Ai(G i) = c([M ],H
(ri)) ≤ ric([M ],H) = riA(G ).
Hence
ω(Ai) ≥ 0.
However, as G i carries c([M ],H
(ri)), by (21) we have ∆(H(ri),G i) ∈ (0, 2n) and
also ∆(H,G ) ∈ (0, 2n). Hence ri∆(H,G ) > 2n for ri large enough, and
(24) 2n > ∆(H(ri),G i) = ri∆(H,G )− 2c1(Ai).
Therefore
c1(Ai) > 0,
which finishes the proof.
If r1 does not divide all ri, let d = gcd({ri}i≥1). Then F ⊂ Fix(φ
d). Passing to φd
instead of φ, and to ri/d instead of ri, we can and will assume that d = 1. Now
take H to be a capping of F for H, and write G i = H
(ri)#Bi. Now extend ω
and c1 to negatively proportional morphisms Γ
Q = Γ⊗Z Q → R. For each i ≥ 1,
set Ai = Bi−
ri
r1
B1 ∈ Γ
Q. Now setting G = G 1, the estimates (23), (24) hold still,
which yields ω(Ai) ≥ 0, c1(Ai) > 0, contradicting negative monotonicity.
We now prove the symplectic Calabi-Yau case of the theorem. In this case, the
mean-index of each capped fixed point set F does not depend on the capping.
Hence we write ∆(H,F) for each generalized fixed point F for this mean index.
Then for each positive sequence ki →∞ of iterations with φ
ki having a fixed finite
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number of weakly non-degenerate generalized fixed points, we argue as follows.
For each F ∈ π0(Fix(φ)),
∆(H(ki),F (ki)) = (ki/k1)∆(H
(k1),F (k1)).
Hence, if ∆(H(k1),F (k1)) > 0 then ∆(H(ki),F (ki)) > 2n for all ki sufficiently
large, and if ∆(H(k1),F (k1)) ≤ 0 then ∆(H(ki),F (ki)) ≤ 0 for all ki. Now, as each
F is weakly non-degenerate, we obtain by the support property of local Floer
homology that in both cases HF locn (H
(ki),F (ki)) = 0. Moreover, the following
stronger statement is true: for all ki sufficiently large, H
(ki) admits a C2-small
non-degenerate Hamiltonian perturbation Hi without capped periodic orbits of
Conley-Zehnder index n. However, this is in contradiction to the existence of
the PSS isomorphism. Specifically, in this case HFn(Hi) = 0 by definition of
Floer homology, and by the PSS isomorphism HFn(Hi) ∼= QH2n(M) 6= 0. Indeed
[M ] ∈ QH2n(M) is non-zero. 
The following result was first proven in [76] in the setting of a pseudo-rotation
assuming that the quantum Steenrod square of the point cohomology class is un-
deformed, or in other words that (M,ω) is not F2 Steenrod uniruled. We observe
that the same statement holds for generalized pseudo-rotations, with essentially
the same proof, and following [73], for all primes p. Here µ ∈ QH2n(M,ΛFp)
denotes the cohomology class Poincare´ dual to the point.
Theorem N. Let ψ be a generalized Fp pseudo-rotation with sequence kj = p
j−1
of a closed monotone symplectic manifold (M,ω) that is not Fp Steenrod uniruled.
Then
(25) c(µ, ψ˜p) ≥ p · c(µ, ψ˜)
for each ψ˜ ∈ H˜am(M,ω) covering ψ.
We proceed to the proof of Theorem H.
6.2. Proof of Theorem H. Choose H ∈ H, such that the path {φtH}t∈[0,1]
represents the class φ˜ lifting φ. By the pigeonhole principle, there exists an isolated
fixed point set F ⊂ Fix(φ), and an increasing sequence ki such that c(µ,H
(ri))
for ri = p
ki is carried by a capping G i of the isolated set of 1-periodic orbits of
the ri-iterated Hamiltonian H
(ri) corresponding to F (ri). By taking a power of φ,
we can assume that r1 = 1, and set G = G 1. Write G i as a recapped iteration of
G , that is
(26) G i = G
(ri)
#Ai.
We claim that for ri large, ω(Ai) ≤ 0, and c1(Ai) > 0 contradicting monotonicity.
Indeed, write Ai for the action functional of H
(ri), and A := A1. Then by (26)
and Theorem N,
riA(G )− ω(Ai) = Ai(G i) = c(µ,H
(ri)) ≥ ric(µ,H) = riA(G ).
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Hence
ω(Ai) ≤ 0.
However, as G i carries c(µ,H
(ri)), by (21) we have ∆(H(ri),G i) ∈ (0, 2n) and also
∆(H,G ) ∈ (0, 2n). Hence ri∆(H,G ) > 2n for ri large enough, and
2n > ∆(H(ri),G i) = ri∆(H,G )− 2c1(Ai).
Therefore
c1(Ai) > 0.
6.3. Proof of Theorem G. Suppose that φ ∈ Ham(M,ω) \ {id} is of prime
order q ≥ 2. Let p ≥ 2 be a prime different from q. In particular φj·p
k
6= id for all
k ∈ Z, 1 ≤ j ≤ q − 1.
Denote
B(φ,Fp) = max
1≤j≤q−1
βtot(φ
j ,Fp).
By Theorem M we obtain for 1 ≤ j ≤ q − 1 that
B(φ,Fp) ≥ βtot(φ
j·pk ,Fp) ≥ p
kβtot(φ
j ,Fp).
Choosing a sufficiently large positive k, this implies that for all 1 ≤ j ≤ q − 1,
βtot(φ
j ,Fp) = 0,
whence by Proposition 21 all such φj are generalized Fp pseudo-rotations. They
are weakly non-degenerate by Theorem C. In other words, the equality
Specvis(H;Fp) = Spec
ess(H;Fp)
follows directly from the fact that βtot(φ,Fp) = 0. This finishes the proof of part
(i).
Let us prove that Specvis(H(k);Q) = k · Specvis(H;Q) + ρ · Z for all k ∈ Z
coprime with q. By the universal coefficient formula in local Floer homology, it
is sufficient to prove the identity Specvis(H(k);Fp) = k · Spec
vis(H;Fp) + ρ · Z for
coefficients in Fp for an infinite sequence of primes p. Consider the primes p for
which p = a (mod q) where a ∈ (Fq)
∗ is a cyclic generator of the multiplicative
group (Fq)
∗ = GL(1,Fq) of Fq. In this case the set {φ
pj | j ∈ Z≥0} coincides with
{φk | 1 ≤ k ≤ q − 1} = {φk | k 6= 0 (mod q)}.
Let F be a capped generalized periodic orbit of H. It is enough to prove that
dimFp HF
loc(H(p
j),F
(pj)
) = dimFp HF
loc(H,F )
for all j ∈ Z≥0. Indeed, as explained above, each capped generalized fixed point
of φk is a recapping of a pj-iterated capped generalized fixed point of φ.
Now we know by the Smith inequality in generalized local Floer homology, Propo-
sition 22, that dimFp HF
loc(H(p
j),F
(pj)
) is an increasing function of j. However,
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by the finite order condition it takes only a finite number of values. Therefore it
must be identically constant. This finishes the proof of part (ii).
Now we prove part (iii) relying on Proposition 4. First let p = q. Then for ψ = φk,
with k coprime to p,
N(ψ,Fp) =
∑
dimFp HF
loc(ψ,F) =
∑
dimFp H(F ;Fp),
the sum running over all contractible generalized fixed points F of ψ, since by
Proposition 4
HF loc(ψ,F) ∼= H(F ;Fp)
for all generalized fixed points F . We remark that H(F ;Fp) 6= 0. Now, by Propo-
sition 21, we know that
N(ψ,Fp) ≥ dimFp H(M ;Fp).
On the other hand by the classical Smith inequality [4, 22, 80] we have∑
dimFp H(F ;Fp) ≤ dimFp H(M ;Fp),
the sum running over all the generalized fixed points of ψ. This yields
N(ψ,Fp) = dimFp H(M ;Fp).
This finishes the proof of the first statement of part (iii).
Remark 33. Note that, surprisingly enough, this argument also proves that all
the generalized fixed points of ψ are contractible. Indeed the upper bound holds
for all the generalized fixed points of ψ, and if ψ had a non-contractible general-
ized fixed point, then by Proposition 4 it would contribute dimFp HF
loc(ψ,F) =
dimFp H(F ;Fp) > 0 to the sum, making the equality impossible.
To prove the second statement of part (iii), we first note that for char(K) = p,
Specess(H,K) = Specess(H,Fp), Spec
vis(H,K) = Specvis(H,Fp),
by Proposition 21, and the equality
Specess(H,Fp) = Spec
vis(H,Fp)
follows by the first statement of part (iii) and Proposition 21. For the last part,
we note that by Proposition 4, Specvis(H,K) = Spec(H) because
dimHF loc(H,F ) = dimHF loc(φ,F) = dimH(F ;K) > 0
for all capped contractible generalized 1-periodic orbits F ofH. Now for k coprime
to q, Spec(H(k)) = {AH(k)(F
(k)
#A)} where the set runs over all A ∈ Γ, and F
runs over all capped contractible generalized 1-periodic orbits F of H. Indeed,
all the contractible generalized fixed points of φk are of the form F (k) for F a
contractible generalized fixed point of φ, and the identity quickly follows. Now
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using the homogeneity and the recapping properties of the action functional we
obtain
Spec(H(k)) = k · Spec(H) + ρ · Z.
Combined with the identity Specess(H(k);K) = Specvis(H(k);K) = Spec(H(k)),
Specess(H;K) = Specvis(H;K) = Spec(H) this finishes the proof.
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